INTERPOLATING AND SAMPLING SEQUENCES FOR ENTIRE FUNCTIONS 
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Abstract. We characterise interpolating and sampling sequences for the spaces of entire func- 
tions / such that Je~^ 6 L P (C), p > 1 (and some related weighted classes), where is a 
subharmonic weight whose Laplacian is a doubling measure. The results are expressed in terms 
of some densities adapted to the metric induced by A<fi. They generalise previous results by Seip 
for the case <fi(z) — \z\ 2 , and by Berndtsson & Ortega-Cerda and Ortega-Cerda & Seip for the 
case when A<j) is bounded above and below. 
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1. Introduction 

In this paper we provide Beurling-type density conditions for sampling and interpolation in 
certain generalised Fock spaces. We consider a rather general situation, with only mild regular- 
ity conditions on the possible growth. Let </> be a (nonharmonic) subharmonic function whose 
Laplacian A</> is a doubling measure (see definition and properties in Section pTT] ), and let uj 
denote a flat weight, that is, a positive measurable function with slow growth (see details in 
Section ^2| ). The spaces we deal with are parametrised by an index p 6 [1, oo], as follows: 

3%, = {fe H(C) : ||/||^ = jf |/|^Vp- 2 < oo} 1 < p < oo, 

= {feH(C):\\f\\^^supu(z)\f(z)\e-^<oo}. 

The function p~ 2 is a regularised version of A0, as described in QChr9lQ . More precisely, if 
/i = A(fi and z E C, then p^z) (or simply p(z) if no confusion can arise) denotes the positive 
radius such that fi(D(z, p(z)) = 1. Such a radius exists because doubling measures have no mass 
on circles. 

Canonical examples of the weights considered are 4>(z) = \zf, with (3 > 0, and uj = p a , 
aeR. 

Two particular families of spaces seem of special interest. The first one are the usual weighted 
L p -spaces of entire functions, obtained with uj = p 2 l p . The second case arises when oj = 1; then 
the spaces JF^ w coincide with 

{/ G H(C) : / |/|* e -*A0 < oo}. 

Since functions / in the spaces are determined by the growth of |/|, their restriction to a 
sequence should be described as well in terms of growth. 

Let A C C be a sequence and let v = {v\}\eA be an associated sequence of values. 
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Definition 1. A sequence A is an interpolating sequence for J 7 ^^, 1 < p < oo (denoted A G 
Int J^s J), if for every sequence of values v such that 



uj p (X)\v x \ p e- p ^ x > < oo 
AeA 



there exists / G such that f\A = v. 

Also, A G Int Ffau if for every sequence of values v such that 

IMk°° (A) = supco'(A)|fA|e~^ < - A ' ) < oo 

*'' w AeA 

there exists / G such that / |A = v. 

An application of the open mapping theorem shows that when A G Int there is M > 
such that for any v G ^ W (A), there exists / G ^ w with f\A = v and 

(1) I l/l I** < M IMk (A)- 

The least possible M in (P is called the interpolating constant of A and is denoted by M^ U (A), 
or M(A) if no confusion is possible. 

Definition 2. A sequence A is a sampling sequence for 1 < p < oo (denoted A G 

Samp JF? J), if there exists C > such that for every / G 

(2) G- X \\f\k\\^ ^ II/H^, B ^ C|I/|A||^(A)- 
Also, A G Samp .F^ if there exists C > such that for every / G 

(3) 11/11*%, < C|I/|A||^ ( A). 

The least constant C verifying these inequalities is called the sampling constant of A and is 
denoted L^ U (A), or simply L(A). 

The definitions of interpolating and sampling sequences in the spaces defined by L°° norms 
reflect the maximal growth for functions in the space, and are natural. The definition for p < oo 
can be motivated in the following way. Consider for instance the case p = 2. The estimates of 
the normalised Bergman kernel k^{\ z) in F% (see Lemma ^J) show that (A^ )W (A, •), /) ~ 
f(X)uj(\)e-^ for all / G T\ w . Thus A G Samp JF^ if and only if 

ll/ll^„^EKWV),/>| a far all /e^, 
AeA 

that is, if and only if {/^(A, ■) }aca is a frame in Similarly, A G Int JF| if and only if 

{^,a;(A, ■) }aca is a Riesz basis in its closed linear span in J-l^. These are the standard problems 
of interpolation and sampling in Hilbert spaces of functions with reproducing kernels [ |SS61| ]. 
For p ^ 2 the previous definitions give the appropriate notions of interpolation and sampling as 
well, in view of the pointwise growth of functions in the spaces (see Lemma ITS] and Remark pb. 
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Our description of interpolating and sampling sequences is expressed in terms of certain 
Beurling-type densities adapted to the metric induced by A0, or more precisely, by its regu- 
larisation p~ 2 (z)dz g) dz. Before introducing the densities we need the notion of p-separation. 

Definition 3. A sequence A is p-separated if there exists 5 > such that 

|A- A'| > 5max(p(A),p(A)) A ^ A', 

This is equivalent to saying that the points in A are separated by a fixed distance in the metric 
above (Lemma |]). 

Definition 4. Assume that A is a p-separated sequence and denote p = A0. 
The upper uniform density of A with respect to A0 is 

_. A . #(AnD(z,rp(z))) 
v l<t> A = hmsupsup — —— — . 

v r^oo z£ c p{D(z,rp{z))) 

The lower uniform density of A with respect to A(f> is 

#(An WMzj) 



T> A ,(A) = liminf inf 



a*V-, "™"r G c p(D{z,rp{z))) 

The main theorems are the following. Let fl^ denote the class of flat weights. 

Theorem A. A sequence A is sampling for T^^, p G [1, oo), uj G VL^, if and only if A is a finite 
union of p-separated sequences containing a p-separated subsequence A' such that T)~^AA!) > 
l/2n. A sequence A is sampling for TT^ if and only if 'A contains a p-separated subsequence A' 
such that V^A') > \/2ir. 

Theorem B. A sequence A is interpolating for F^^, p G [l,oo], uj G £1$, if and only if A is 
p-separated and V^(A) < l/2n. 

In particular, there are no sequences which are simultaneously sampling and interpolating (it 
should be mentioned that this is not obtained as a corollary of the theorems; it is actually an 
important ingredient of the proofs). 

These results generalise previous work, beginning with the papers by Seip and Seip-Wallsten 
QSei92| ], QSW92Q . They described the interpolating and sampling sequences for the classical 
Fock space in terms of the so-called Nyquist densities. In the notation above this corresponds 
to 4>(z) = \z\ 2 and u = 1. This was extended in | {LS9| ], [ BOC95| ] and DOCS98Q to the case 
of entire functions / such that fe^^ G L P (C), where <j) is subharmonic with bounded Laplacian 
e < A(p < M. The description was given again in terms of some Nyquist type densities. In these 
cases the function p is bounded above and below, hence the metric p~ 2 (z)dz <8> dz is equivalent 
to the Euclidean metric. In particular, p(z) can be replaced by the constant 1 in the definition of 
the uniform densities. 

There are also some partial results in several complex variables. The classical Fock space 
has been studied in [ |MTU(J| ] and the weighted scenario in [ |LinUl| ]. In this context there exist 
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necessary or sufficient density conditions, which do not completely characterise the sampling or 
interpolating sequences. 

Interpolation problems for other spaces of functions related to these weights have been con- 
sidered by Squires and Berenstein and Li (see for instance QSqu83| ], [ ]BL95[ ] and the references 
therein). 



The results mentioned above relied on the remarkable work by Beurling [ |Beu89| ] and on 
Hormander' s weighted L 2 -estimates for the d equation [ |Hor94| ] . In our proofs we first extend 



Beurling 's tools to the context of certain spaces which are non-invariant under translations. We 
need as well a Hormander type theorem giving precise estimates for the d equation in Banach 
norms other than L 2 . 

The plan of the paper is the following: In Section || we study the properties of doubling mea- 
sures and introduce the flat weights. Recall that the only assumption on our subharmonic weight 
<fi is that the measure Acfi is doubling. We will need a regularisation of <p and the construction 
of a multiplier associated to <p (that is, an entire function / such that |/| approximates e^), very 
much in the spirit of QLMOip and JQC99| ]. 



In Section [5] we state and prove some basic properties of functions in The main result in 
this section is the following Hormander type theorem. 

Theorem C. Let <p be a subharmonic function such that A0 is a doubling measure. For any 
uj G Qff,, there is a solution u to the equation du = f such that \\ue~^uj\\LP(c) i$ ||/ e_(? W>||LP(C) 
for any 1 < p < oo. 



We also include the estimates of the Bergman kernel that justify the notion of interpolating and 
sampling sequences we have considered. Finally , we study the invariance of our spaces under 
some appropriate scaled translations. This leads to the notion of weak limit and the correspond- 
ing analysis analogous to Beurling's. 

Section ^ is devoted to some preliminary (but important) properties of interpolating and sam- 
pling sequences, including their behaviour under weak limits. The main results in this section 
are some inclusion relations between various spaces of interpolating and sampling sequences, 
and the fact that there are no sequences which are simultaneously interpolating and sampling for 
the same space of functions 

In Section |] we prove the sufficiency part of Theorem A. We use again an approach similar to 
that of Beurling. 

Section ^ includes the proof of the necessity part of Theorem A. For this we need once more 
Beurling's analysis, plus the non-existence of sampling and interpolating sequences. We use 
some theorems that relate the densities of sampling and interpolating sequences, following the 
ideas by Ramanathan and Steger [ RS95| ]. 

Section |S| is devoted to the proof of the necessity part of Theorem B. We use Ramanathan 
and Steger's theorem plus an original argument that shows that the density inequality is actually 
strict. 
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Finally, in Section [7] we deal with the sufficiency part of Theorem B. In the course of the proof, 
whose main tool is the multiplier, we need to express the density in terms of rectangles instead 
of disks. The usual argument of Landau QLan67[] does not work, in view of the inhomogeneity of 



our measures. Theorem W2 takes care of this 



A final word on notation: C denotes a finite constant that may change in value from one 
occurrence to the next. The expression / < g means that there is a constant C independent of the 
relevant variables such that / < Cg, and f — g means that / < g and g < /. 

2. SUBHARMONIC FUNCTIONS WITH DOUBLING LAPLACIAN 

In this chapter we recap some results on doubling measures and subharmonic functions (j) 
whose Laplacian A(p is doubling. We start with regularity and integrability conditions on dou- 
bling measures. Next we show that <p can be regularised, in the sense that there exists ip sub- 
harmonic and regular for which the interpolation and sampling problems for and JF^ u are 
equivalent. The final part is dedicated to the construction of the multiplier. A useful application 
of this is the existence of holomorphic "peak functions" with controlled growth. 

Definition 5. A nonnegative Borel measure p in C is called doubling if there exists C > such 
that 

fi{D{z,2r))<Cfi(D(z,r)) 

for all z E C and r > 0. We denote by the minimum constant C for which the inequality 
holds. 

Recall that when <p is subharmonic A0 is a nonnegative Borel measure, finite on compact sets. 

For convenience we write D r (z) = D(z,rp(z)) and D(z) = D 1 (z). We will write D r Az) 
when we need to stress that the radius depends on <p. 

Henceforth dm denotes the Lebesgue measure in C. We also use the measure da = dm/ p 2 , 
which should be thought of as a doubling regularisation of A0 (see Theorem [R|). 

2.1. Doubling measures. Throughout this section we assume that p is a positive doubling mea- 
sure non-identically zero. We begin with a result of Christ [ |Chr91| , Lemma 2.1]. 



Lemma 1. Let p be a doubling measure in C. There exists 7 > such that for any disks D, D' 
of respective radius r(D) > r(D') with D n D' ^ 0: 

(p(D)V ^r(D) < (m_\ h 
\p{D')) ~ r(D') ~ [p(D') ) 

In particular, the support of /1 has positive Hausdorff dimension. 
Remark 1. This implies that there exist k, e > such that 

(4) r e < fi(D r (z)) < r k z e C , r > 1. 
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Also, applying Lemma [j] and (Q) to D(0, \z\) and D(z) we have, for p(z) < \z\ 

1 <( \ Y h <p^l<( \ V< 1 



\ z \ k h ~ v(D(o, \z\)y ~ |z| ~V(^(o,kl)) y ~ M £7 ' 

On the other hand, if |^| < p(^), then G -D(z). Thus Lemma |1] implies p(z) ~ p(0), hence 
\z\ < C. Therefore, there exist rj, C > and (3 G (0, 1) such that 

(5) Cq 1 \z\- t ' < p{z) < C \zf \z\>l- 

Let us study in more detail the relationship between p(z) and p(£) for various z, £ G C. A first 
observation is that p(z) is a Lipschitz function. More precisely 

(6) | p ( z )_p( C )|<|^_ C | 2 ,(gC. 

To see this there is no loss of generality in assuming that z, ( G R, C < 2 an d p(C) < p(^)- 
Then £ — p(£) < z — p(z), since otherwise D(() C -D(-z), contradicting the fact that p(D(z)) = 

pp(0) = i- 

Lemma 2. QCEMj p.205]. TfC £ ^« 

p(C) < /i*-ciV~* 

m ~ \ p(o ; 

/or some 5 G (0, 1) depending only on the doubling constant C M . 

As a consequence of Lemma [I] and @ we have 
Corollary 3. For every r > 1 ?/zere exists 7 > smc/z ?/za? G £> (2, r) ?/zen 

1 < gyj < r 7. 



~ p(C) 



It will be convenient to express some of the results in terms of the distance induced by the 
metric p~ 2 (z)dz ® dz. 

Lemma 4. There exists 6 G (0, 1) such that for every r > there exists C r > such that 

(a) C;- 1 ^^ < d ( Zj C ) < C7 r ^f^ k - C| < rp(^). 

(b) Cf7l (^f) -^ (Z '°- Cr (^f) «M*-fl>rp(4 

This shows, in particular, that a sequence A is p-separated if and only if there exists 5 > 
such that inf a^a' d^X, A') > 5. 



Proof. By definition 



c^,C)=inf /VWIP-'M*))*, 
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where the infimum is taken over all piecewise C 1 curves 7 : [0, 1] — > C with 7(0) = z and 
7(1) = C 

The lower inequalities are contained in [ |Chr91[ , Lemma 3.1] and its proof. 



The upper estimate in case (a) is immediate from Corollary [$[ In case (b) take 7(2) = z + 
t(C — z) and use Lemma Q then 



p( 7 (f)) ~ A ~ V P(z) 



From now on, given z G C and r > 0, we denote 

%r) = {CGC:^,C)<r}. 

Doubling measures satisfy certain integrability conditions. 

Lemma 5. Let \x be a doubling measure. There exist C > and m G N depending on C M swc/i 
that for any r > 

(a) / log(^-r W0<C^(D(z,r)) * G C. 

JD(z,r) K \Z-Q J 

(b) sup / — >x < 00 • 

26 £7c 1 + ^(^,0 

Proof (a) is [ |Chr9ll Lemma 2.3]. 

(b) According to Lemma |4| it is enough to consider the integral on \z — Q\ > rp(z). Applying 
Fubini's theorem we see that 

/ p(z) \m r /■/>(*)/[*-CI , 



m 



1/7 t m - 1 [ dp(()dt < m t m - 1 n(D 1/rt (z)) dt. 

J Jo 

t<p(z)/\z-(\<l/r 



Let x = log 2 C^, and for a given t denote k(t) = inf {k G N : l/rt < 2 k }. Then 

ii{D l ' rt {z)) < ^{D 2k{t \z)) < r» h ® < {-) x \ 

hence the integral is bounded if m > x . 

This and Lemma ^(b) show that the result holds for m big enough. 

Remark 2. It is clear from the proof that 

(b') lirn sup / = 0. 
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There is a discrete version of the previous Lemma. 
Lemma 6. Let Abe a p-separated sequence. There exists m e N such that 

Proof. By the separation and Lemma ^, it is enough to see that for m big enough 

E( p(A) \m 

Take 5 > such that the balls {B(X, S)}\eA are pairwise disjoint. By Corollary |] 

Lemma |5|(b) implies that the integral is bounded. ■ 

For later use, we state a refinement that follows similarly from Remark 
Corollary 7. Let A be a p-separated sequence. There exists m G N such that 

lim sup - — ; — — = 0. 

^ eC A£B(«,r) "0 V*> A ^ 

We will need to partition the plane in rectangles of constant mass. We do that by adapting a 
general result of [ |Yul85[ ] to our setting (see also [ pra01[ , Theorem 2.1]). 

Theorem 8. Let p be a positive doubling measure non-identically zero. There exists a "parti- 
tion " of C in rectangles Rk with sides parallel to the coordinate axis such that: 

(a) n = Efc {J>h where p k := p\ Rk satisfy p k (C) = 1. 

(b) Rk are quasi-squares: there exists e > 1 depending only on such that the ratio of sides 
of each Rk lies in the interval [1/e, e]. 

(c) There exists C < such that C^ 1 p{ak) < diam(Rk) < Cp(cik), where aj, denotes the 
centre of R^ 

(d) Ufc Rk = C an J interiors of Rk are distinct. 

Remark 3. Dividing the original measure by s G 1 + we obtain a partition of C into quasi-squares 
of mass s. 

Proof. It is enough to partition the plane in quasi-squares of constant entire mass, because by an 
stopping-time argument of QQC99Q these can then be split into quasi-squares of mass 1. 

We construct our partition recursively. We start with a rectangle centred at of entire mass, 
and with sidelengths / < L so that I > L/2 and Z 1 ^ > 12y/2C , where f3 and C are given in 
(51) (rectangle ABCD in the picture). Consider next a square Qi centred at of sidelength 3L 
(AiBiC\Di in the picture) and define R as the quasi-square with vertices ABB' A', where A' 
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and B' are points on the same side of Qi taken so that ^ R. We want to make R a little bigger, 
to make sure that its mass is entire, and we want to do that keeping control on the ratio of sides. 
Consider the rectangle ABBA, where A, B are taken with \AA\ = \BB\ = 2\AA'\. Denote by 
R' the rectangle A'B'BA added to R. For A G R', 



I 



< 



6 v / 2p(A) < 6V2C < 6y/2C 



IAI 



< 



Since the sides of R! have length bigger or equal than I we deduce that R' contains a disk of 
centre A and radius p(A), hence its mass is at least 1. This shows that there exists a rectangle R x 
(AA"B"B in the picture) of entire mass between the original R and the "doubled" R'. 

We finish the first step of the process by constructing the analogous quasi-square R 2 of entire 
mass at the opposite side of R (CC"D"D in the picture). 



B 
" 1 



B-2 -B3 



A' 



-Di 



B' 



Ds D 2 



D 



C2 C3 



Consider next the rectangle Q 2 limited by the segments (A"B"), (C"D"), {Bid), (-Di^i) 
(the rectangle A 2 B 2 C2D 2 in the picture). We iterate the process above to each of the rectangles 
B"B 2 C 2 C" and D"D 2 A 2 A", thus obtaining two new quasi-squares R 3 = B"B 3 C 3 C" and R A = 
D"D 3 A 3 A" of entire mass. 

All in all, we obtain a new quasi-square Q 3 := A 3 B 3 C 3 D 3 with ratio of sides lying in [1/2, 2] 
which is a disjoint union of 5 quasi-squares of entire mass. From here we repeat the process, 
taking Q 3 in place of the original R, and continue recursively to obtain the "partition" of C. By 
construction we have (a), (b) and (d). 
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To prove (c) assume that R is a quasi-square of mass 1, centre a and sidelengths I, L. Here R C 
D(a, L\/2), hence p(a) > L > diam(R). Also, D(a, I) C R and diam(R) < I < p(a). ■ 

Lemmas [1] and |^ give control on how big a disc D r (Q can be when £ G D R (z). We will need 
another result along the same lines. 

Given a doubling measure p and given z E C and < r < R, consider the associated regions 

F r (z,R) = {(:D r (C)cD R (z)} and G r (z,R)= \J D r (() . 

(eD R (z) 

By definition F r (z, R) C D R (z) C G>(z, i?). Let 7 be the constant given by Lemma [I], and e, k 
the constants in (^). 

Lemma 9. Le£ r > be fixed. There exists c > smc/i ?/za? ife(R) = c(r k /R 6 ) 1 , for all z E C 
and R> r we have 

(a) G r {z,R) C (z). 

(b) D R -< R \z) C F r {z,R). 

Proof. Applying Lemma| to D r (Q and D R (z), and using (Q), we have 

R £ y Rp(z) (R k \ l h 



r k J ~ ?"p(C) 

(a) If C E D R (z) we have i?p (2) + rp(C) < Rp(z)(l + c(r k / R £ )"<) for some c> 0. 

(b) D r (Q C D fl (z) when |C - z\ + rp(() < Rp(z). For C E D R -< R \z) 

\C-z\ + rp(C) <(R- e{R))p{z) + Cl Rp(z) Q^f . 
Thus if (R - e(R))p(z) + cRp(z)(r k / R £ )~i < Rp(z) we have D R ~< R \z) C F r (z, R). ■ 

Corollary 10. Let {Rk}k be a partition ofC, as in Theorem f§| Define 

F(z, R) = |J R k and G(z, R) = [j R k . 

k:R k CD R (z) k:R k nD R (z)^<D 

There exists a positive function e(R) with lim^^ e(R) /R — 00 and such that for all z E C and 
R>0 

(a) G(z,R) C D R+ < R \z). 

(b) Z} fl - £ ^(z) c F{z,R). 

Proof. As the previous Lemma, using Theorem ||(c). ■ 

We finish with a result showing that the measure of a disk cannot be too concentrated near its 
border. 
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Lemma 11. Let e(r) be a positive function such that lim e(r)/r = 0. Then 

^oo p(D r (z)) r-*oo fi(D r (z)) 

uniformly in z G C. 

The proof is based in the following projection of the measure /u. 
Lemma 12. For every z G C define the measure v z on M + by 

v z (A) = p({( = z + re id : r G A}) A C R + . 
77zen z^ 2 15 doubling and there exists K independent of z such that C Vz < KC^. 

Proof. Given x G M + and r > let F\x) = (x — r, x + r) n M + . We want to see that 

z/ z (/ 2r ») < irc„ ^(r») 

for all z G C, x G IR + and r > 0. 

Let A;(a;) = {C = z + se ie : s > , \s - x| < r}. By definition z/ 2 (7 2r (x)) = /i(A 2r (x)). 
Split A 2r (x) into fc := [^] sectors 

27T 27T~i 

S 1 ,- = {C = 2 + se ie :s>0,\s-x\<2r,(j-l)—<9< j—\ j = l,...,k. 

Being p, doubling there exists K > such that /i(Sj) < KC^ p(Sj), where S^- is half the sector 
Sj, i.e. 

X r .-/) , /x 27T 27T „ 27T 2tt ~i 

= {C = ^ + ^ : S > , | S - ^| < r , (j - 1)— + — < ^ < j— - — }. 
Since the S/s are disjoint and UjSj C ^(x), we get 

k k 

u z (I 2r )(x) = p(A?(x)) = $>(<%) < KC^^Sj) < KC, p(Al(x)) 

3=1 3=1 
= KC^ z (F(x)). 



Proof of Lemma [77]. It is enough to see that 

Hm p(D^(z)\D r (z)) = Q 
••-oo p(D r (z)) 

uniformly in z. By definition of v z we have 

/x(L> r+ ^)(z) \D r (z)) _ v z ({rp{z),{r + e{r))p(zj) 
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and by the corresponding version of Lemma [j] for doubling measures in M + , and by Lemma [12|, 
there exists K > independent of z such that 



v z((rp(z), (r + e(r))p(z) 
^((0,r)) 



< K 



e r 



Remark 4. An analogous result is true if in the definition of v z we use, instead of a radial pro- 
jection with respect to z, a projection associated to quasi-squares of a fixed ratio a E [e -1 , e] (e 
is the constant of Theorem |S|(b)). Let Q„(z) denote the rectangle with vertices z + r(l + zcn), 
2 + r(l — za), z — r(l + za) and z — r(l — ia). Given z E C consider the measure v z in E such 
that 

on any interval I r {x). As before, there exists K > independent of z G C and a E [e -1 , e] such 
that z/ z is doubling with <7„ < #C M . Therefore, if R r a (z) : = Q^M (Y), 

lim MW» = lim MW)) = , 

uniformly in z. 

2.2. Flat weights. In this section we describe the weights uj appearing in the spaces 

Definition 6. A positive measurable function uj is called aflat weight for <p if there exists C > 
such that for all z, C E C 

(7) | logu;(z) - loga;(C)| < C(l + log + ^(z,C)). 
The class of flat weights associated to (ft will be denoted by fl^. 

Notice that the product ujuj of two weights uj.uj E Vt^ belongs to as well. Also, if uj E Vt^ 
then uj a E ty, for all a E E. 

Besides the obvious a; = 1, important examples of flat weights for are the functions uj = p' 
a E E. This is seen applying Lemma |2| and Lemma |]. 

Furthermore, the weights uj E 0,$ can be assumed to satisfy 

(8) 1 - 44 < Cdf(z, if ^(z, C) < 1 . 
If the original weight uj does not satisfy this condition, replace it by the regularisation 



a 
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It is clear, by (|7|), that there exists C > such that C^ 1 < \uj/lu\ < C, hence the spaces of 
functions and sequences associated to the weights u and uj are the same. On the other hand 

u)(C) -&(z) 



w(C) 



< 



a; 



a; 



P 2 (C) L ^(C)^(C) ./£>(*) w(C)- 1 P 2 (C) f?(z) Jd(z)uj(()' 



+ 



a; 



Assuming that d^z, () < 1, from 



and Lemma Q(a) we deduce that 



cD(C) - w(^) 



w(C) 



< 



< 



(7[(D(C) u d(z)) \ (D(0 n D{z))\ , |p(*)-p(C)IIp(*) + p(OI 



p 2 (C) 

p(z)|C-«| , IC-*I 



P 2 (C) 



P 2 (C) 



p(C) 



2.3. Local behaviour and regularisation of 0. Let us start with a result comparing the values 
of in a disk with the value on its centre. 

Lemma 13. For every K > there exists A = A(K) > such that for all z G C 



sup 

w€D K (z) 



(w) - 6(z) - h z (w)\ < A, 



where h z is a harmonic function in D K (z) with h z (z) = 0. 

Proof. The proof is as in QOCS98| , Lemma 1]. On each D K (z) decompose 
(9) 4>(w) = <f>(z) + h z (w) + f (G(w, 77) - G(z, V )) A<f>{ V ) } 

JD K (z) 

where G is the Green function of the disc D K (z) and h z is a harmonic function in D K [z) such 
that h z (z) = 0. By Lemma |5|(a) 

Kp{z) 



sup 

zG C JD K (z) 



log 



\Z — T}\ 



■A<j>{rj) < oo 



and the result holds. 



We have seen in the previous section that p^(z) is Lipschitz (see @). Also, because of 
Lemma [TJ, <^> is Holder continuous of some positive order on every bounded subset of C (see 
[ ]Chr91| , Lemma 2.8]). More regularity can be attained by taking a suitable weight ip equivalent 
to 0. 

Theorem 14. Let be subharmonic with A0 doubling. There exist ip 6 C°°(C) subharmonic 
andC > such that \ip — <j>\ < C, Aip is a doubling measure and Aip ~ 1/p 2 — 1 / p^- Moreover 

|V(AV0I<Vp}. 

Since the spaces of functions and sequences considered do not change if is replaced by ip, 
from now on we will assume that e C°°(C), A0 ~ 1/p 2 and |V(A0)| < 1/p 3 . 

In the proof of this result we will need to partition C and discretize the measure. 
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Lemma 15. Let n be a positive doubling measure in C. Fix m G N. There exist k G N and 
C > such that for any partition {R p } p as in Theorem [| with fi(R p ) = mk there are points 

Ai p) ,--.,aS G CR P such that 

mk 

(a) Hp = [i\R p and u p = $\(j>) have the same first m moments. 

j=i j 

(b) A = {)& } p ,j is a p-separated sequence. 



Proof. By Lemma 5 of [ pC99| ], there exists k G N such that for all measure \i p supported 

a rectangle R p with total mass mk, there 
m J2j=i 8 (?) have the same first m moments. 



in a rectangle R p with total mass mk, there are points cr[ , . . . crjf G i? p such that p p and 



In order to get a separated sequence replace each cr|(p) by m points 7^ = + rj e' 

= 0,. 
m — 1 



I — 0, . . . , m — 1, lying on a circle around cr^\ Since for all polynomials p of degree less than 



m—1 

mp(aj p) ) = J] p(7$)> 
z=o 

the measures p p and 5 ( P ) have still the same first m moments. We will be done as soon as we 

see that the can be chosen uniformly bounded and so that A = {7^ } is p-separated. For this 
we use a Besicovitch's lemma: the family {R p } p can be split in q families {i?p} pe / 1 , . . . {R^} p& i q 
such that two rectangles of the same family are far apart, in the sense that MR l p n MR l p , = 0, 

p p', for some large constant M. For the first family {Rp} P eh> it is easy to choose rj p ^ such 
that the resulting sequence T 1 = {7^ : p G Ii; j = 1, . . . , A;; I — 0, . . . m — 1} is p-separated. 

-(p) « < 



Next we choose rj , p G ^2, so that T 2 n Ti is p-separated, where T 2 = {7^ : p G ^2; j 
1, . . . , A;; Z = 0, . . . , m — 1}. Choosing recursively in this way we obtain A = Ti U . . . U T q 



p-separated. 



Proof of Theorem |7^[ For any M (to be chosen later) consider k G N as in Lemma (T3J and a 



partition {R p } p as in Theorem || Take then the sequence A = {Xj }j, p given by Lemma [15 



/ <■ A: 

Recall that G Ci? p , p(i? p ) = MA; and that the measures p p and u p — M $ x (p) nave the 

j=i 3 

same first M moments. 

By Theorem |8](c) there exists r > such that CR P C D r (\j) for any p G N and i < k. 
Furthermore, by construction of {-R p } p there exists q G N such that any z G C lies in at most q 
disks L> r (Aj p) ). 
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We now regularise v p by setting 



^E 



2-A 



(p)i 



where X is a smooth non-negative cut-off function of one real variable such that X(t) = 1 if 
\t\ < 1, X(t) = if |t| > 2 and is bounded. 

Notice that z> p and p p have the first M moments. Indeed, by the mean value property 

Mk 



.f )' Z = 0,...,M-1. 



i=i 

oo 

Define v = and 



= 0(z) + -L / log|z-C|(^-A0)(C). 



1 p 
p=i 



27T JC 

We claim that z> is a doubling measure. The proof of this fact is a bit technical and will be 
deferred to the end. 

By definition Aip = v. Also, v(z) is a sum of at most q terms of order 1/ p 2 {X l f > ), with 
z G D r (X < f ) ). Therefore ~ \jp\ and |V(A^)| < \jp\. In particular 



hence p ~ p^,. 

Let us show next that — 0| < C for some C > 0. 

Let a p denote the centre of R p . Assume z G R Po and let J Po = {p G N : d<j,(a p , a Po ) < 10r}. 
Remark that for p ^ 7 Po , £ G supp(u p ) and z G supp(u Po ) we have ^(z, C) — d^{a p ,a Po ). 
Indeed, this follows from 

3 

|C - Op| < 3rp(a p ) < — | ap - Op„|, 
the analogous estimate for | z — a po | and Lemma |]. This yields 

(10) / d^ M (z, C)^(C) < / CK(0 zel P0 ,p£L 



We split 

27r(vc*) -<£(*))= E j (,iogk-ci(^-/ip)(0+ E / c iogk-ci(^-/i P )(0 



p6/ P0 p^7 P0 

and estimate each sum separately. 
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Let pm denote the M-th Taylor polynomial of log( | z — C\j p{zf). Since v v — p p have vanishing 
moments of order less or equal to M, we can estimate 



h ■ = \ J2 / log k - CK^p - Ai P )(C) 



£ / c ('°^-^(o)fe-^)(o|< e / c (^) M (^xc>. 



Taking M big enough and using ( JT0| ) and Lemmas ^(a) and |5](b), 

yC\U«-(*) V \Z - C| 7 Jc\B(z,Cr) d b f [Z, C) 

For the remaining term we use again the moment condition together with the fact that for 
p G I po there exists 7 such that \J{supp(h> p ), p 6 / p J C DVz). Thus 



h : 



< 



|E /iog|z-ci(^-^)(C)| = |E /iog(r^)(^-/i P )(0 



By Lemma |5|(a) this is finite. 

We prove now that v is doubling. We first show that it is doubling for big balls, i.e. there exist 
Ro > and a constant C depending only on the doubling constant of A0 such that for all 
R> #0 we have v(D R (a)) < Cv(D R l\a)). 

As in Corollary [K], define 

F(a, R)= (J and G(a, i?) = |J # p . 

p:R p CD R (a) p:R v nD R (a)^% 

Since i>(-R p ) ~ / fl do / p 2 ~ p.{R P ), we see that u(F(a,R)) ~ /i(F(a,i?)) and i>(G(a,R)) ~ 

//(G(a, i?)). By Corollary 0, also D R ~ e ( R \a) C F(a, i2) and D K+e ( R )(a) D G(a, This and 
the fact that is doubling yield 

HD R (a)) < v{G{a,R)) ~ n(G(a,R)) < p(D R+ < R \a)) < C M y.{D^ R ^\a)), 

and 

z>(^ /2 (a)) > u(F(a,R/2)) ~ p(F(a,R/2)) > p(D R/2 -< R/2) (a)). 

Therefore 

^(L> 1 /2(«+e(«))( a )) 



^(£)fl/2- e (il/2)( a )) 



Lemma |TT] shows that the quotient converges to 1 as R goes to infinity uniformly in a, so there 
exists #0 such that u{D R (a)) < 2C A < t) v{D R / 2 (a)) for all R>R . 
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Corollary |3| implies that v ~ l/p 2 (a) onD R (a) when R < R , so we deduce that D(D R (a)) < 
u(D R / 2 (a)). M 

2.4. The multiplier. A basic tool in our approach is the use of the so-called multiplier: an entire 
function g such that \g\ ~ outside a neighbourhood of the zeros of g. 

Theorem 16. Let <pbe a subharmonic function such that A0 is a doubling measure. There exists 
an entire function g such that 

(a) The zero-sequence 2(g) of g is p ^-separated and sup 'd^(z, 2(g)) < oo. 

(b) \g(z)\ ~ e^d 4> (z,2(g)) for all zE C. 



The function g can be chosen so that, moreover, it vanishes on a prescribed zq E C. We say that 
g is a multiplier associated to <fi. 

Proof. Take a partition {R p } of C with p(R p ) = 2nmN and consider the sequence A given by 
Lemma |T5|. For the sake of clarity we write R p instead of CR P (C is the constant of Lemma [T5|). 
Note that now {R P } P is not a partition, although there exists a uniform constant q such that all 



points of C lie in at most q quasi-squares R p . As in Lemma [L5J, denote fi p = (l/2ir)n\ Rp and 
let Up be the sum of the A 6 A associated to R p . Recall that fi p and v p have the same first m 
moments. 

Let g be a holomorphic function satisfying 

log^l = 0- J- [ log|^-C|(A0-27r5:5 A ), 
2tt Jc AeA 

which exists because the Laplacian of the term at the right hand side is a sum of Dirac masses. 
By definition 2(g) = A, and the previous construction ensures that (a) holds. 

Let us prove (b). Assume that z E R po and let I po denote the set of indices p such that 
R p fl R po 0. As in the previous proof, split 

log \g(z)\ - <j>(z) = - [ log \z - C|(^ - E 5 X ) = S,(z) + S 2 (z), 

Jc 2tt AeA 



where 



and 



Si(z) := / toglz - C\( v p - Ih) 

Again as in the proof of Theorem [TJ], using the Taylor expansion of log \z — £| together with the 
moment condition one sees that |5i(V)l ls bounded. 
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For the second sum notice that there exits 7 > such that U pe i po R p C D' y (z). Hence, denoting 

2 7PW / v ^ f n 2 7 p(z) 2 7 p(2;) 



I2 — A| = inf \z — A|, we get 

1 1 aga 1 10 



= E / 1^ f^TT^ - ^) < / log p^-MC) - log ■ 



< C 2 + lo. 



I2- Al 



On the other hand, using the p-separation of A 

-s 2 (z) < E E log r^r < log r^xi + ^ ■ #( A n 

pG/ P0 AGi?p 11 11 

Since #/ po is uniformly bounded, this and the estimate of Si give: 

log - C7 < log |0(z)| - < log + C7'. 

p{z) 

The result is then immediate from Lemma |](a). ■ 

Next we state a useful application of the multiplier. It is a result about peak functions. These 
functions attain value 1 at a given point and decay very fast away from the point. They are 
very useful in the estimates of the Bergman kernel and in the construction of solutions to the 
d equation. Another proof of the following Lemma, using estimates for the <9-equation, can be 
found in an Appendix. This second proof is along the lines of QFS89| , Theorem 2.1], where a 
related result is proved. 

Theorem 17. Take e > 0, uj £ and m £ N. There exists C > such that for all 77 £ C there 
is an entire function P v with P v (r]) = 1 and 



\PJz)\ < C e^-^^\ 1— — . 



Proof. Let h be a multiplier for e<p (constructed as in Theorem [16]) with zero sequence £ = {au}k 
and such that {p} U E is p-separated. In particular \h(z)\ ~ e^^d^z, £). It follows from the 
construction of the multiplier that for each M £ N there exists r > such that #(SflB(A, r)) > 
M for all 77 £ C. Given a%, . . . , a M £ £ H 5(A, r) define 

^ [Z) C \z-ai)-.-{z-a M ) e^)' 

where c,, is chosen so that P v (r]) = 1. 

Let us see first that there exists c > independent of 77 with c _1 < c v < c. Since [77 — ct^] ~ 
p(p), then 

1 h(r]) p M (7]) e £ ^^(p,S)p M (r/) 



c v (77 - cri) ■ • • (77 - om) e £ ^) ~ p M (r/) e e ^) 
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We split the estimate of \P v (z) | into several regions. Let e > be such that that the balls Bfa, e) 
and B(r), e) are pairwise disjoint. Consider K > with ufi 1 B(ai, e) C B(r], K). 

i)ze \J^ x B{a u e). Forz G B(a h e) wehavep(» ~ p(rj) ~ p{a i ),d (t) {z ) T 1 ) ~ Iz-Oil/pfo) 
and <fy(z, aj) > 1, j ^ z. Thus 



1^)1 < 



-2 - CT,; 



ii) z eB(r),K)\ [j i=1 Bfa, e). Here p(z) ~ p(V?) and |z - cr^j > p(r?), so 



iii) z ^ £(77, K). Here 0*) ~ d^z, 77), so 



p v (z)\ < — — v \l ,r .,).': < 



\z-r]\ M e 6 ^) - K \z-r)\ 



This and Lemma ^(b) solve the case u — 1. 

For arbitrary wGfi^, there exists 7 > 1 such that if ^(z, 77) > 1 then 

dr^v)<^r\<dl(z, V ). 

Thus the result follows from the previous construction taking M big enough and using again 
Lemma |(b). ■ 

3. Basic properties of functions in 

Here we study the behaviour of functions in JF? and related topics. We prove the estimates 
with norms II • 11^ on the solutions to the 8 equation (Theorem C) and provide estimates of 

the Bergman Kernel of on the diagonal. We also introduce a scaled translation in the plane 
that gives rise to a translated weight and to an isometry between the spaces of functions for the 
original and the translated weight. This will be used when studying the properties of weak limits 



(Section 3J>) 



3.1. Pointwise estimates. Let us first see what is the natural growth of functions in J^ u . Recall 
that da = dm/ p 2 . 

Lemma 18. Let 1 < p < 00 and uj G £1$. For any r > there exists C > such that for any 
f G H(C) and z G C: 

(a) |/(*)|P e -«K*) < -SL- [ \f\P e - p ^da. 

U> P {Z) JD r (z) 

(b) M\f\e~*){z)\ < -f^-rrff \f\ p e-^da^ ! ' 

OU(z)p{z) ^JD r (z) 
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Cr 



(c) IfR > r then \f(z)\ p e- p ^ < [ \f\ p e- p ^u p da. 

U! p (z) JDR(z)\Dr(z) 



UJ p (z) JD R {z)\D r (z) 

Proof. Let H z be a holomorphic function with Re H z = h z , where h z is the harmonic function 

in D r (z) given in Lemma [T3]. 

(a) is proved as in QQCS98| , Lemma 1]: 



|/(z)| p e _p * w = \f(z)e- Hz{z) \ p e- p,i>{z) 

^ -YT-J \f(0\ P ^ pM)+m) -^nl \f\ P e- p ^ p da. 

P 2 {Z) JDr(z) UJP(Z) JDr(z) 

(b) First let us see that \d(p/d( - dh z /dQ\ < 1 on D r \z). By @, if C G D r \z) 



1^(0 - §(C)I = £ / G(C,,)A^)| < / ^A0(„). 
«C «C »c ^(z) iD'( 2 ) |C - ?7l 

Take i? (depending on r) such that D r \z) C D R (Q. From A0 ~ 1/p 2 we deduce 



5 



2rp(z) 



iDr(z) \C~v\ ~ p(C) ^(0 IC - ^1 
Since|V(|/|e-*)| = |f - 2fd<j>/dz\e-+, we have 

(11) |V(/e"^)WI = |/'(*) - 2/(z)/£(*)| ^ |V(|/|e^)(z)|e^). 

On the other hand, 

' v <^>«| * \L a .J-f^r d ^W) t^ w |/K)|e " M<)|dcl ' 

From (a), for |z — £| = 

i/p 



By Lemma [Tj we have then 



Mfe- H *)(z)\ < -ppprf/ \f\ p e- p fu p da) 'V« 

Cj(^)p(z) \JD r (z) ' 

which together with ([TT| ) concludes the proof, 
(c) As (a), using the subharmonicity of \fe~ Hz \ p . 

Lemma 19. Let 1 < p < oo an J co> G O^. For a/ry entire function g with g(X) = Owe have 

\9'W\e-^ < __L^ ( f \ g \ p e - p ^ p da] * . 
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Proof. Lemma [T8|(c) with r = 1/2 and R = 1 applied to the function g(z) j{z — A) yields 



/(A)|P e -*M < 



l<7 U) 



a;P(A) Jd(a)\d 1 /2( A ) |z - A| p 



< 



1 



a;P(A)pP(A) 7d(a) 



3.2. Hormander type estimates. This section is devoted to the proof of the ^-estimates of 
Theorem C in the introduction. 

Theorem C. Let <fr be a subharmonic function such that A<j) is a doubling measure. For any 
uj G Qff,, there is a solution u to the equation du — f such that ||«e~^c<;||£p(C) % ||/ e_< ^ a; p|Up(C) 
for any 1 < p < oo. 

Proof. By Lemma |TS](b), there exists r > such that \P v (z)\ > eFMJ-'K'i)) on D r (r]), for all 
rj G C. Take a sequence A such that {D r (\)}xeA covers C and the disks {D r ^(X)}xeA are 
pairwise disjoint, which exist by a standard covering Lemma, see [ |Mat95| , Theorem 2.1]. Let 
{Xx} C be a partition of unity associated to {D r (\)}\. 



Decompose the datum f = J2 f\> with fx( z ) — f( z )X\( z )- By Theorem [T7|, for any A there 
exists an entire function m\(z) = P\{z)e~^ Xi such that 

\ m J z )\ < e *to I ^ 

The radius r has been chosen so that |m>(C)| > if C G D r (X). Define 

7T 7D r (A) C — -2 

Clearly <9ma = /a, thus it = X^AeA u a is as a solution to du = f. We must prove the size 
estimates. As we have used a linear operator to construct u from the datum /, we only need 
to check that ||we _ ^u;||£oc < \\fe~^ujp\\Loo and ||ize~^ci?||x,i < ||/e _9i a;p||ii. The estimates for 
1 < p < oo follow then by Marcinkiewicz interpolation theorem. 

Assume that z G D r (X) and take K, K' > such that D K (z) C D K '(\). Then 

Jdk(z) p(z)\Q-z\ 
~ V(A) p(A)|C - c| ^ 



INTERPOLATING AND SAMPLING SEQUENCES FOR ENTIRE FUNCTIONS 23 

On the other hand, if z <£ D K (X) 

\u x (z)e-^uj(z)\ < d7 M (z,X) 17 V' , u(C)MQ 



Dr(X) |C - A 

&2^f \f(Q\e-«MOp(Qdm(Q. 

Therefore, applying Lemma |^ 

zec\JD*(z) p(z)\z-Q X:z ^r {x) 9 ) 

In the L 1 norm we get 



^ ,^' 2 A) / |/(C)|e-^(C)p(C)rfm(C)^)). 

5D r (A) p(A)^ JD'(A) / 

Reversing the order of integration we immediately get ||we - ^£*;||£,i < ||/e~^/o||^i. 



3.3. Bergman kernel estimates. Let K^ >U} {z : Q denote the Bergman kernel for J^i w , i.e, for 

•2 

<f>,U) 

f(z) = (K^(z,-)J) = [ tf^(z,0/(C)e-^MCWC)- 



any/e^ 



By definition 

i^(M = / |^(^C)| 2 e- 2 ^)^(C)^(C). 



Lemma 20. There exists C > swc/i ?/zaf 

CT^e^M*)) 2 < K^(z, z) < C{e^/u{z)f z G C. 

Proof. We use the identity 



K^(z,z) = sup{\f(z)\ : / G ^ , ||/|U < 1}. 



The estimate yK^^z, z) < e 9 ^/oj(z) is immediate from Lemma |TE|(a). In order to prove the 
reverse estimate we construct / G JF? with I|/||jr2 < 1 and 1/(^)1 > Ce 9 ^ Juj(z), for some 
constant C7 independent of z. 

By Theorem O, for every m G N there exists P 2 entire such that 



1^(01 < 



Cc <t>{Q-4>(z) u ( z ) 



u(()l + d%(z,0' 
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with C independent of z. Define f z (() = Co e^ z ' /u(z) Pz{C)> wnere c o is a positive constant to 
be chosen later. Now f z (z) = c e^ /u>(z) and 

i/.<oiv^<o/.-<o < irfey^K). 

hence by Lemma 15(b) there exist c and C independent of z so that l|/J|rf < 1. ■ 



Remark 5. This argument and Lemma [TS|(a) show that for any p G [1, oo] 

bu P {|/(z)| : / G ^ , ||/||^ < 1} ^ e^/u{z). 

3.4. Scaled translations and invariance. In this section we introduce the scaled translation and 
its main properties. 

Given </> consider the class of subharmonic functions ip such that 

(i) Aip doubling with Ca-<p < Ca</>. 

(ii) J^ (0) A^1. 

(iii) V(0) = 0. 

An important property of is that there exists r] such that Aip(z) < |2r| 2?7 for all regular 
ip G Wcj,. This is a consequence of (|5|) and the fact that Aip ~ 

Fix g > 2ry + 1 and consider the kernel 



< Z X) ■■= Tr- 



log|l-^|-i?e(P^))xc W )(C) 



where P q is the Taylor polynomial of degree q of log(l + x) around x = 0, and its associated 
integral operator 



K[f]( z ) = y c 4*,c)/(c) <M0- 

This operator solves the Poisson equation, that is Ai^[/] = /. 
For every x G C, consider the scaled translation 

T x (z) = X + Zp<f,(x), 

the associated subharmonic function 

<f> x (z) = K[A{<f> o r x )]{z) - K[A(0 o r x )](0), 
and the associated weight 

u x (z) = lo(t x (z))/u(x). 

Define also h x := (p o t x — (p x . It is clear that is harmonic. Take then H x holomorphic having 
ha; as real part and consider the scaled translation operator 

Ttf{z) = f{r x {z))e- H ^u{x). 

Lemma 21. For every x G C, 
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(a) The subharmonic function (j> x belongs to W^, and the weight oj x satisfies u x (0) = 1 and 

G ^<j> x - 

(b) is an isometry from J 7 ^ to J^ x ^ x ,for 1 < p < oo. 
Proof. Note first that from the identity 

1 = / A0 X = / pJ(x)A0(r x (C)) = / A0 
it follows that 

(12) P*(t x (z)) = p^ x {z)p^(x). 

This implies that the mapping r x is actually an isometry between C endowed with the distance 
d$ x and C with d^, that is 

(13) d <t)x (z,0 = d+(T x (z),T x (0) Vz,CGC. 

(a) By definition <fi x (Q) = 0, and by ( |1"2"[ ) p^> x (0) = 1. This gives properties (ii) and (iii) of W^. 
It is also clear that A(p x is doubling and C^ x = C&4>, since for any a G C and r > 

f A<p x = f A0 < C A ^ / A0 < C7 A0 / 

JD(a,2r) JD(t x (a),2r P<t , (x)) J D(T x (a),rp^(x)) J D(a,r) 

That ^(O) = 1 and u x (^)/u x (z) = u(t x (z))/u(t x (()) follows from the definition. This and 
(U) imply that u x G fi^ . 

(b) Forp < oo we use the change of variable ( = t x (z) and (|T2l): 



l^(/)(«)l 



Pp-P<M 2 ),,,P 



dm(z) 



|/(r l( ,))re-*-W'^(x)(i^^) P (^^^)-V(,) 



The case p = oo is straightforward from (|T2|). 
Given a sequence A and x G C let 



A, := (r x )- l (A) 



Given a sequence A and z G C, denote ?t.a(z, r) = #(A fl D(z, r)), for any r > 0. 
Lemma 22. Le? A be a sequence in C. 

(a) A w p-separated if and only ifA x is p ^-separated. 

(b) A G IntJF^ if and only if A x G IntJF^ ^. Similarly, A G SampjF^ if and only if 
A x G SampjF^^. Furthermore, the interpolation and sampling constants remain the 
same. 

(c) 77ze densities are stable: T>^(A) = T>^ x {^-x)> and V^(A) = V^ x (A x ). 
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Proof, (a) is an immediate consequence of (|T2|). 

(b) is a consequence of Lemma [H] and the identity ||/|A||^p (a) = \\T£' u f\A- x \\&' (A )■ 



(c) Define 

(14) P A *(«, r, A) = / ^ 1 ■ 

By a change of variables, it is clear that 

V A(/> (z, r, A) = V A(j>x {{T x )-\z), r, A x ). 

Taking the supremum over z G C and passing to the limsup we get the result for the upper 
density. The lower density is dealt with similarly. ■ 

3.5. Weak limits. In this section we study weak limits of sequences A and their properties. 

Definition 7. A sequence of closed sets Qj converges strongly to Q, denoted Qj — > Q if 
[Q, Qj] — ► 0; here [Q, R] denotes the Frechet distance between Q and R. We say that Qj con- 
verges compactwise to Q, denoted Qj — ^ Q, if for every compact set K we have (QjnK)UdK — > 
(QnK)UdK. 

Definition 8. A set A* is a weak limit of A if there exists a sequence {x n }„ e N in C such that 

A x -± A*. 

Given a p-separated sequence A, and a sequence {x n } ne ^ it is always possible to extract a 
subsequence of A Xn such that A Xn — ^ A* for some A*. We need also a normal family argument 
for the translated weights that define the space. 

Lemma 23. Let {x n }neN be a sequence in C. There exist a subharmonic function a weight 
to* G £l<j,* and a subsequence {x nk }k such that {4> x „ k }k, {&x n }k and {A(p Xnk }k converge uni- 
formly on compact sets to (f>*, uj* and A(f>* respectively. Furthermore, A<p* is a doubling measure 
andC&if,* < Ca^. 

Proof. Take 77 and q > 2r/ + 1 as in the definition of the kernel k (see previous section). Denote 

Hn = A(j) Xn . 

Since | V/x n | < (Theorem |T^[) and p^ Xn (0) = 1, for any compact set K there exits Ck > 
such that I Vp n (z)\ < Ck- By the Arzela-Ascoli theorem, we can extract a subsequence {p nk }k 
converging uniformly on compact sets of C to a function p*. It follows immediately that the 
measure with density p* is doubling and C M * < C /tn = Ca</>- Furthermore, this implies that 
P<f>x ~^ P* uniformly on compacts. 

Let now <p* = K[p*\ — K[p*}(0), and denote <p k := <f> Xn , Pk '■= Hn k - We will show that {4>k}k 
converges uniformly on compact sets to <p* . 
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By definition 4> p (z) = K[fj, p ] (z) — K[pt p ] (0), thus we only have to prove that K[p p ] converges 
uniformly on compacts set to K[p*]. Take z G D(0, R) and t > R. Then 



- K\/i*](z)\ < 



K(z,()(tip(0-»*(0)dm(0 

C\£>(0,t) 



+ 



k(«,C)(a*p(0-m*(C))*w(C) 

D(0,t) 



Let I\ be the first integral. By construction of k we have 

w.,oi *Q'. 

Also, (|/^>(C)| + \/jt*(()\)dm(() is a doubling measure with doubling constant less than C A( £. By 
© MO I + MOI < ICI 2 ', and therefore 

This is smaller than e for t big enough. 

Let I 2 be the second integral in the estimate above. We have 



h < 



o(o,i) 



log 



z-C 



c 



^C)-fi*(0\dm(0+ [ \pA\\fi p (0 - fi*(0\drn(0 

JD(0,t)\D(p,l) C 



For all 2 G D(0, i2) and ( G £>(0,t) \ D(0, 1) we have |P g (>/C)| < C(i2,t), hence the uni- 
form convergence of [L p implies that for p big enough the second integral here is smaller than 
e. It remains to prove the convergence of the first term. Take C(t) such that/ D ^ ot ^ | log \z — 
(/(\\dm(() < C(t) and choose p big enough so that \p p (() — p*(()\ < £ /C(t) uniformly on 
D(0, t). Then the estimate follows. 

We know that the sequence of distance functions d^ xn has a subsequence converging to d$* 
uniformly on compact sets of C x C, because the p Xnk converge uniformly. By construction 
u Xn (0) = 1. On the other hand, the definition of flat weight implies that they are equibounded on 
any compact. Moreover, the regularity given by (|]) makes them equicontinous on compact sets. 
We can thus extract again a convergent subsequence. ■ 

Corollary 24. Given a subharmonic function <p with doubling Laplacian, A a p-separated subse- 
quence, uo G Q$ and {z n } n( z^ a sequence of complex numbers, there exist a subharmonic function 
(ft*, a p 0* -separated sequence A*, a weight u* G and a subsequence {x n } ng N of {z n } nGN 
such that A Xn — ^ A*, and cj) Xn — > <p*, u Xn — > uj* and A(p Xn — > A(p* uniformly on compact sets. 

We will write (A Xn , (j) Xn , u Xn ) — > (A*, 0*, u*). The set of all such weak limits will be denoted 

by W(A,<I),uj). 

Let us prove now the stability of the upper and lower densities with respect to weak limits. 

Lemma 25. Let A be a p-separated sequence, {x n } n C C, and assume that (A Xn , (p Xn ,u Xn ) — ► 

(A*,<f)*,uj*). Then 
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(a) £>^(A) < 1/2tt implies V^* (A*) < 1/2tt. 

(b) V A(f> (A) > 1/27T implies V^^A *) > l/2vr. 

Proof. Denote A n = A^, n = 0^ and p n = p Xn . By hypothesis {A0 n } n — > A(p* uniformly on 
compact sets, and therefore {p n } n — > p* also uniformly on compact sets. Thus, for any e(r) > 0, 

n A .(z,(r-e(r))p^(z)) < n An (z,rp n (z)) < 

^ v n An {z,rp n {z)) n A *(z,(r + e(r))p r (z)) 
< hmsup — — — < — . 

(a) Since £>a</<(A) < l/2n, there exist e, R > such that, if w = Tjr 1 ^) 

n^(w,rp M) = nA (z,rpW ^ £ \/r > i?o , Vn G N , Vu> G C. 

Taking limits as n — > oo and picking e(r) so that e(r)/r — > we see, using Lemma [TT], that 

D+^(A*)< 1/2tT. 

(b) is proved similarly. ■ 



4. Preliminary properties of sampling and interpolating sequences 

This section is devoted to prove auxiliary results on interpolating and sampling sequences. A 
main result is that there do not exist sequences which are simultaneously sampling and interpo- 
lating. We also prove some results on inclusions between spaces of sampling and interpolating 
sequences for various weights. 



An easy consequence of Lemma |18| is that we only need to deal with p-separated sequences. 
Lemma 26. Let AcC. 

(a) If A G Int J-% u , then A is p-separated. 

(b) If A G Samp JF?, there exists a p-separated subsequence A' C A such that A' G SampjF^. 

(c) If p < oo and A G Samp J 7 ^^, then A is a finite union of p-separated sequences. 

(d) Let A G Samp J 7 ^^ be p-separated. There exists r > such that C = U\ eA D r (X). 

Proof, (a) Assume that A,p G A with \X — p\ < p(X) and take / G such that /(A) = 
e*M/w(A), /(/*) = and ||/||^ < 1. Then 

= \\f(X)\e^ - |/Gu)|e-^)| < |V(|/|e-*)(C)||/*-A|. 
The result follows then from Lemma |T%Kb). 



INTERPOLATING AND SAMPLING SEQUENCES FOR ENTIRE FUNCTIONS 29 



(b) As in the proof of QBeu89| , Theorem 2, p. 344], using here Lemma |l"8|(b) instead of Bern- 
stein's theorem, we get 

<C[A,A'). 



(c) It is enough to show that there exists r > and M such that #(D v (z) PI A) < M for 
all z G C. To this end, consider the function f z (() = e^(z) /uj{z)P z {C > ), where P z is given 
by Theorem IT7| (with e = 1 and uj = 0). We have ||/ 2 ||^ < C, and for r small enough 

\fz(C)\ ^ e*(C)/w(C) in J D r (^)- So the left sampling inequality (see (@)) yields 

#(D r (z) n A) < ||/ 2 |A|| £ ^ (A) < CL^(A). 

(d) It is enough to see that for R big enough A R D R (z) ^ for all zgC. 
Take / 2 as in (c). Let e > be the p-separation of A. Since 

i/ z (c)r e -^)^ (c)p - 2(c) <_^_ ; 

Lemma[T|(a) and Lemma |^ lead to 

E ^(A)|/ z (A)re-^) < E L x)T Am 



< 



{z) J D *(x)l + df(z,C) 
A0(C) 



According to Remark || this tends to uniformly in z as R goes to oo. Thus, for R big enough 
the sampling inequality gives 

1<C E ^ p (A)|/ z (A)| p e-^ A ). 
\eAnD R (z) 

In particular A n D R (z) ^ 0, as desired. ■ 
4.1. Weak limits and interpolating and sampling sequences. In this section t% will denote 



the scaled translation associated to the weight 4>, as described in Section p~4] . The main result is 
as follows. 

Proposition 27. Let <p a subharmonic function with doubling Laplacian, uj G and A be a 
p-separated sequence. Assume (A* , (ft* , uj*) G W(A, <f), uj). 

(a) If A G SampjF^ then A* G Samp .7^,. 

(b) If A G Int J^ >£J then A* G Int J* (U .. 

Proof, (a) We argue by contradiction. Otherwise there exist e n > decreasing to zero and 
functions f n G Ffc^. such that =1 and ||/ n |A*||^ ^ (A » } < e n . 
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By Corollary ^4] there exists a sequence {xj}j£$ in C such that (fy, luj, Aj) — > ((f)*, lu*, A*), 
where we denote Aj := A Xj , Uj := u Xj and <pj := <j) Xj . 

For every n consider R n big enough so that if D n := D^"(0) then ||/ n |.D n ||^ > 1 — e n . 

SetD n :=D$(0). 

We claim that there exists a smooth cut-off function X n such that X n (Q = 1 in .D n , A'n(C) = 
in C \ D n and |9Af n | < e n / p^*. To see this start with a smooth Af n depending linearly on |£| on 
Rn < ICI < Rl Then 

By Lemma[2| p^. (C)/p</-*(0) < R n ^~~^ f° r some 5 G (0, 1). Thus, if R n is big enough 



\9X n (0\ < 



R 2 S^ 



< 



Take now j n big enough so that p^ / p^* < 2 on D n and 



\\fn\D n \ 



\\fn\R>n\\Tl, 



||/n|A iB nD B | 



||/ n |A*nD n ||. ; , 



< 6 r 



< Er. 



Define g n = f n X n . Then dg n is supported on C n := {R n < \(\ < R 2 n } and \dg n (C)\ — 
£n\fn(0\/P<t>*(0> so by Theorem |T] there exists «„ solution to <9m„ = dg n with 



< 



J=2 , ^, £ n\\fn\Dn\\^ < £ r 



The function G n = g n — u n is holomorphic and satisfies 



G n\Wl > \\fn\D n \\ r v 



4>j ,LU 



\ u n\\j* 



> 1-Ce„ ~ 1. 



We will check now that C7 n |A jn is small. Split A jn into A jn = A jn n {D n U (C \ AO)} and 
A,- B = A Jn \ Aj n . On the one hand 

\\ Gn \^\\p (A,J < 11/nPnnAj-Jl^p (A^J + IKftnH^ (A,J- 



From lliiJA,- |L P ,-r * < ||wn||^ p < (by Lemma 18 for the case p < oo, since w is 
holomorphic in D n U (C \ D n )) we deduce that ||G n |A ;? - n || nV ,~ N < £„.. On the other hand 



< 



\\f n \ + \u n \\{D n \D n )\\^ 



< 



This together with the above and the fact that the sampling constants of A and A Jn coincide 
(Lemma (23(b)) leads to contradiction. 
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(b) Assume that A* = {X* k }k, and let v G ^ )W (A*) with \\v\\p (A * } < 1. Let also Aj = {\{} k 
be such that Aj — > A* uniformly on compact sets. For e n decreasing to zero and R n big enough 
(to be chosen later) there exists j n such that ||t>||^ ( A . nD «n( )) < 2 and 

e r u p±* R 2 , 

(15) - ;% p <2 on Dfr{0). 

Since the interpolation constant M(Aj) does not depend on j there exist f n G ^ with 

||/n||j* <2M(A)and 

/n(A|") 



< 2M(A) and 

0i 



'Jn • Jn 



otherwise. 



We will now use the same technique as in (a) to modify /„ so that it falls in JF^» w » . Take 
the cut-off function X n constructed above, define g n = f n X n and consider a solution u n to 

du n = f n d(X n ) such that: 



- . < \\fnd(X n )p r \\^ <e n \\f n \D$(0)\\^ <e n \\f n \\ n < e nj 



Kll^, i$ ll/n9(Af n )p^||j» <£n||/n||j* ^ 



According to Theorem C and fll5D such a solution always exists. 

The entire function G n = f n d(X n ) — u n is JFL , and IIGUI^p < CM. By Montel's 
theorem we may assume that G n converges to a function G G .7-^ £J *. Notice that G n (A^ n ) = 

^fc — w„(A]. r ') for A], n G I)5r(0), and by the L°° estimates, |w n (^i n )| tends to zero as n goes to 
infinity. Therefore G interpolates v. ■ 



Lemma 28. Suppose that for every weak limit (A*, 0*, a/) G VT(A, 0, a;) f/ze sequence A* w a 
uniqueness set for J 7 ^^*. Then there exists e > smc/i f/?af A is sampling for J 7 ^^ U1 - 

Proof. If this is not the case there exist s n > decreasing to 0, /„ G ^(f +£ri u iU , anc * Zn e ^ sucn 

that|/ n (z n )|e-( 1+£ ™)^)a;(^) = l, ||/ n ||™ < 2 and ||/„|A|U " (A j < e n . 

Denote ^ n = (1 + e n )<f>. Let A n = (r^*)" 1 ^), cu n = cu Zn and # n = Tf^ n f n . Then, denoting 
Vw« = (1 + £n)(fiz n , we have \g n {0)\ = 1 and ||# n |A n ||^ (An) = ||/ n |A||^ (A) < e n . 
Taking a subsequence if necessary, we can assume that A n converges weakly to A*, ip n>Zn —> 0% 
ijj n — > to* uniformly on compact sets and g n — > g* G FTi w * (by Montel's Theorem). So <?* 
vanishes on A* and |<7*(0)| = 1, contradicting the fact that A* is a uniqueness sequence. ■ 



Corollary 29. Let a subharmonic function with doubling Laplacian, let uo G and let A 
be a p-separated sequence. The sequence A is in Samp TT^ if and only if for all weak limit 
(A*, 0*, uj*) G W(A, 0, lo), the sequence A* is a uniqueness set for w ». 
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4.2. Non-existence of simultaneously sampling and interpolating sequences. An important 
result in the proof of Theorems A and B is the following. 

Theorem 30. There is no sequence A both sampling and interpolating for pG [1, oo]. 
Proof. Assume that such sequence A exists. We claim that 
(16) sup l\ Li2 < °°- 

Let p G [1, oo). Given any A* G A take a function g such that g(X*) = 1, g(X) = for A ^ X* 
and \\g\\jrp < e -p<t>( x *)uj p (X*). Such g exists because A is interpolating. Consider the function 

(p.UJ 

g{z){z-X*) 



f(z)= y: pw- 



\eA\x* (z-\)(\*-X) 

The sampling inequality shows that F G Moreover, since |-F(A)| = |g'(A)|p(A) for all 

A G A \ A* and F(X*) = 0, we have 

11*115* £ E |^(A)|V(A)e-^ (A) ^(A). 



4>,u. 

AeA\A* 



We use now Lemma |19| and the fact that A is p-separated (since it is interpolating): 

11^115* £ £ / \9\ p e- p ^da < \\g\\^ < e~ p ^uj p (X*). 



A\A* 



We want to estimate |F'(A*)|. Using again Lemma [19 

!d(x) 



|F'(A*)| p e- p0{A * ) cu p (A*)p p (A*) < / \F\ p e- p4> u p da <e~ p4>{x,) u p {\*). 

JD(X) 

Therefore |F'(A*)|p(A*) < 1. On the other hand 

nw= e t^L- 

AeA\A* |A"A*| 2 

This yields (|16|). The obvious modifications give ( |16| ) in the case p = oo. 

According to Lemma [261(d) there exists r > with C = UAeA-D r (A). Also, there exists r > 
depending on r such that, 

/ i t^ ^WTTTiS VA^-(A*). 

JDr(\)\D*o(\*) 1 + |z - A*| 2 - W |A-A*| 2 ^ v 7 

We may now finish by taking a big disk D(0, M) and A^ G D(0, M) in such a way that p(X* M ) > 
p(A) for all A G A fl D(0, M). In this case 



/i?(o,M)\D-o(A* M ) 1 + |z - A^| 2 ~ A ^ -W) 1 + |z - Al.^1 2 ~ f^. |A - A^| 2 

A^D r o (A*) A/ 



< c. 



This is a contradiction, since limjvf->-ooP(A^)/M = and the left hand side of the previous 
inequality tends to oo as M goes to oo. ■ 
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Corollary 31. Any sequence obtained by deleting a finite number of points of A E Samp is 
still in Samp 

We want to prove next an analogue for interpolating sequences: adding a finite number of 
points to an interpolating sequence gives again an interpolating sequence. 

Given A and a point z define, following QBeu89| , p. 352-354] 

alJz, A) := sup{|/(z)|e-*« W (z), \\f\\^ < 1, /|A = o}. 

Notice first that if A is interpolating and z ^ A this is strictly positive. Indeed, A is not a 
uniqueness sequence, otherwise A would be also sampling, contradicting Theorem |3T]. Thus 
there exists / E FZ U , f ^ with /|A = and, eventually dividing / by a power of (( — z), 
f(z) ^0. Hence a^Jz, A) > 0. 

Lemma 32. Let A E IntjF^. ThenAU{z} E Int T v ^ u for all z A. Furthermore, for all 
e > f/iere exists C > smc/z o^(A, z) > e implies M^(A U {2;}) < CM^(A). 



Proof. As in the proof of [ |Beu89| , Lemma 4, p. 233], we have 

C(auW)< 



1 + 2JWJ W (A) 



0,A) ' 

Thus we will be done if we prove that there exists A > such that o^(z, A) > e implies 

0,A)> A 

If this is not true, there exists a sequence {z n } E C with d,p(z n , A) > e and cr^ w (,2 n , A) < 1/n. 
Transferring z n to the origin by (see Section ^1]), we get a sequence A n := A Zn such that 

I A| > e for all A E A n and ^ ^(O, A n ) < 1/n, where n = Zn and u n = u Zn . 

Taking a subsequence if necessary, assume that (A n , <p n ,uj n ) converges to (A*, (p*, cu*). By 
Proposition [27], A* U {0} E Int.F£, j£t) », so there exists / E ^J. fU , with /|A* = and |/(0)| = 1. 
Arguing as in the proof of Proposition [FT] we see that there exist f n E T v ^ n w and e n decreasing 
to zero such that 

\\fn\A n \\ £ p t An )<£ n , |/ n (0)|>c and ||/n||j* <C. 
Since A n is interpolating, there exist also g n E !F± n Wn with 
f n \A n and HflUlj* < M L,wS k 

n) \\J n An Iff (A n ) < ^n^(A). 

Then fi, n := f n -g n E ft vanishes on A n and < 2C, therefore |/i„(0)| < 

On the other hand |g n (0)| < £ n an d therefore |/i n (0)| > c/2, thus contradicting the previous 

estimate. ■ 



4.3. Inclusions between various spaces of interpolating sequences. We want to study next 
the relationship between the spaces of interpolating sequences for various weights. We will use 
the techniques already exploited in [ |MTU(J| ]. 
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We start with the construction of a sort of peak-functions associated to an interpolating se- 
quence. Let 5^ denote the Kroenecker indicator, i.e. 5* = 1 if A = A' and 5^ = otherwise. 

Lemma 33. Let A G Int 2% u , 1 < p < oo. Given e > and uj G VL^ there exist m G N, C > 
and functions g\ G J 7 ^^ c smc/i 

(a) ^a(A') /or a// A, A' G A. 



(b) IIpaIIjt;, ... ^ w(A)e 



(l+e^A) 

(C | (A (z)|<^ e (^)(^W) 



(d) For all v G DV 



(e) lim sup 



v 

(l+e)<f>,ui 
e p(l+e)<f>(\) 



(A), N 



e,,, - (A) ~ 



Ea 6 A W A#A 



(l+e)0,a> 



(A) • 



AeA 



ujp(X) 



\g x (z)\ p e- p( - 1+£) ^ z) u p (z)d(r(z) = 0. 



C\D r (\) 



Proof. By hypothesis, there exist functions fx G -T-^ such that fx{fj) = ^a f° r a ^ A,/i G A 
and H/aIIjtp < M(A)u>(X)e~^ x ' . Consider the weights Pa given by Theorem [T7| for the weight 
uj/lu, and define g x = f\P\- By construction we have (a) and (c). 

(b)Whenp = oo we have {j(\)e~( 1+e ^ = uj(X)e-^ +£ ^\gx{X)\ < \\g\\\?~> . The 
remaining inequality is immediate from (c). 

Let p < oo. On the one hand, Lemma |TE|(a) gives 



l+e)</>,£> ' 



^ (A)e -d + ^(A) = Q {X )e-^% x {X)\ < (f \gx\ p e-^u p da) 1/P < H^U . 



On the other hand, (c) and Lemma |5](b) show that for m big enough 



/ \gx\ p e- p{1+£) *u p da < u p (\)e 
Jc 



< 



u p {\)e 



-p(l+e)cj>{\) 



-p(i+e)4>(X) 



D(A) 



da( 



C\D(A) (^(z, A) 



(d) Denote / = J2x v \9\- The left inequalities are proved similarly to (b), for 

u(X)e-( 1+£ ^\vx\ = ti(\)e- {1+£ ^\f(\)\. 
For p = oo and t> G ^m. e u £,(A) Lemma § and (c) yield 

1 



u [z e 



-(l+£>0) 



(El 

AgA 



< 



< Me 



(l+e)0,<i 



(A)- 



INTERPOLATING AND SAMPLING SEQUENCES FOR ENTIRE FUNCTIONS 35 

Let now p < oo. Using the estimate (c) and Jensen's inequality for convex functions (which 
is legitimate thanks to Lemma ^ we have 



1 



\f{z)\ p e- pil+£ W z) u p {z)p-\z) < -j— ]r£(A)K|e- (1+£W,(A) 



p 2 {z) 



1 



AeA 



l + d$(z, A) 



Now we apply Lemma |5](b) and obtain 

/ \f\ p e- p{1+£) ^ p da < J2ti p (\)\v x \ p e~ pil+£WX) f 



A0W < \\v\\ p 



/cl + ^,A) ~ " ll£ (i+,)^( A )' 



AeA 

(e) This follows from (c) and Remark 0, since 



\g x (z)\ p e^ 1+ ^^ p (z)da(z) < 



(Jj p (\) Jc\D r (X) ' ~ JC\D r (X) <tfi(z, A) 



Theorem 34. For a// £ > 0, 1 < p, p' < oo and w,w6 fi^, the following inclusions hold 

Int^Clnt^'^. 

Proof. It will be enough to prove that for all e > 0, 1 < p < oo and lo, uj G 

(a) Int^Clnt^ ( T +£) ^ (b) Int^C^f 1+£) ^. 

(a) Take the functions g x given by Lemma For u G ^(i+£U,s(A) we consider the interpo- 
lating function 



f( z ) = v x g x (z) 
AeA 

A direct estimate using Lemma [331(c) yields 

which is bounded, by Lemma 

(b) Given u G ^i +e )^(A), take / = Y,\V X g x as before and estimate as in the proof of 
Lemma 0(d). ■ 

4.4. Inclusions between various spaces of sampling sequences. In this section we want to 
prove some inclusions between various spaces of sampling sequences. Unlike in the correspond- 
ing result for interpolating sequences, for the spaces of sampling sequences there is a gain, in 
the sense that any sampling sequence is actually sampling for a slightly bigger space. This will 
allow us to pass from the non-strict to the strict inequality of Theorem A. 
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Theorem 35. Let A G Samp J 7 ^ ^ be p-separated. There exists e > such that for all p' G [l,oo] 
and uj G f^, sequence A G Samp ^? 1+e u 

Proof. The proof is divided in three steps. 

(a) If A G SampjF^, f/zen A G SampjF? ^. We know from Proposition [T7]that for all weak 
limit (A*, (J)*, u*) the sequence A* is in Samp J 7 ?, w », and by Lemma ^ it will be enough to see 
that all weak limit A* is a uniqueness set for J 7 ^ U} *. 

If this is not the case, there exists / G w , with /|A* = 0, / ^ 0. 

We claim that for m large enough 

— [ill rz pP 

9[ ) '~ (z — X*) ...(z — A^) <f>*^"" 

It is clear that Lemma [T9| gives the p-integrability on \JjL. 1 D(Xj). On the other hand, by 
Lemma [T^ 

l/I^V^* 2 < c r \\f\\h M .W 



^Uj£>(Ap |2t - A*P . . . |2- A^|P Jz^DiX]) \Z - X\\P . . . \Z - X* m \P 

Since A0* is doubling there exists m such that this integral converges (Lemma |5](b)). 

By Corollary |31j, A* \ {A* . . . A^} G Samp J 7 ^, ». As / vanishes on this sequence we deduce 
that / = 0, which is a contradiction. 

(b) IfA G Samp JF^ ?/zere exists e > swc/z ?/za? A G Samp^ +£ w iU . If this is not the case 
for any sequence {e n } \ there exist functions /„ G ^(T+ en u )W and 5 n > decreasing to 

with Wfn\M\e™ +En)4> jA) < $n and = 1. 

Let A n = r- n \A), 0„ = (1 + e n )0,„, cu„ = u Zn and / n = T 2 ^/ n . Then |/ n (0)| = 1, 
H/nlAnll^oo < 8 n , and there exist a sequence A* and functions 0*, /*, uj* such that 

(k n ,(p n ,uj n ) -> (A*,0*,c«/) G W(A,0,u;) 

and {/„}„ — > /* G ^S^* uniformly on compact sets. So we have |/*(0)| = 1 and /*|A* = 0, 
i.e. A* is not a uniqueness sequence for f2 u „ a contradiction with Lemma |29|. 

(c) T/'A G Samp J 7 n+E) c j>^f or some 8 > 0, A G Samp for all uj G Q<^, 1 < p' < oo. 
Consider the spaces 

= {^^ +£) ^:,lim ^(z)| VA |e-( 1+ ^ A ) = 0}. 



| A | — s-oo 



There is a sequence of functions {g(z, A)}AeA such that for all / G 



oo,0 
e)<b,id 



uj(z)e' {l+£) ^ z) 



f{z) = Y J ^)e- [l+£)m f{X) g(z,X), 
AeA 
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and J2x \q{ z i A) | < -K" uniformly in z. This is so by a duality argument, because 

{/(A)}a £ a ~ u(z)e-^M*) f{z) with ; e 

is a bounded linear functional from a closed subspace of ^u+eUwC^-) whose norm is bounded 
independently of z. This is an argument from [ ]Beu89| , p. 348-358] (see also QSei93| , p. 36]). 

Consider now / G C J 7 ™^. Given z G C take the function P z of Theorem |7[ with 
weight u/u G f^. Then fP z G -T^+eU w , and by the representation above 

AeA 

Hence 

u{z)\f(z)\e-+M < 53w(A)|/(A)|c-*< A )|^(A)|e p ^-*< A »|p(z J A)| 



AeA 



< 



^ gg (A)l/(A)| e -^ -j^L . 

l + d^(z,A) 



The case p = oo is clear, so assume that p < oo. Since J2x \q{ z i A)| < K> we ma y a Pply 
Jensen's inequality and obtain 

&(z)\f(z)\'e*Wp-\*) < P~\z) E ^(A)|/(A)| p e-^W-J^^i . 

i + (2, AJ 



AeA 



Now integrate, use that \g(z, X)\ < K and apply Lemma |5](b) to finally obtain the sampling 
inequality 

\f(z)\>e-**MGr(z)da(z) < £ u; p (X)\f(X)\ p e' p<t>{x) . 

AeA 



4.5. Nets. We finish this section by giving useful examples of interpolating and sampling se- 
quences. 

Lemma 36. Let f be the multiplier associated to (f), as constructed in the proof of Theorem |7^ , 
and let A = 2(f). Then V^^A) = T>^(A) = l/2ir. We say that A is a net associated to <fi. 

Proof. The construction of / is made with quasi-squares R p of p(R p ) = 2nmN and mN asso- 
ciated points in a dilated CR P that made up A. Thus, for z G C and t > 0: 

n(z,tp( z )) > mN#{p:CR p GD t (z)} = ^-^ \J R p ), 
n(z,tp(z)) < mN#{p:CR p nD t (z)^Q)} = ^p( (J Rp). 
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By Corollary fO), 

D'-^iz) c |J R p C D t (z) c (J R p C £> t+£ W(z), 

p:C*i? p C-D'(^) p:C*i? p nD*(2)^0 

whence 

±p(D^(z)) < ntzM*)) < ^-KD t+e(t) (z)). 
The result is then an application of Lemma [IT]. ■ 

Lemma 37. Le? Abe a net associated to 0. Then A G Int ^ 1+£ - )</i w an J A G Samp ^i_ e ^ w for 
all e > 0, 1 < p < oo and uj G f^. 

Proof. By Theorems and |35], it is enough to consider the case uj = p. 
Let / be a multiplier associated to <p such that A = 2(f). 



Let us start by proving that A is interpolating. By Theorem |34] it is enough to prove that 
A G Int •7"? 1+e u p for all e > 0. For each A G A define 

9lW = —7(A)- 

We want to see that these functions play a similar role to the peak-functions of Lemma [53| . 
Clearly g\(\') = 5* . The growth condition of the multiplier gives |/'(^)| — / p(X), and 
then 

p(z)\g x (z)\e-*V < l " z Z A x\\f\x)\ ~ ^ A ) e ~" (A) - 



Hence ||oa||^- p < p(A)e 



-0(A) 



As seen in the proof of Theorem this is enough to construct, for any e > 0, an interpolation 
operator for J^ 1+e) ^ p . 

Let us see next that A G Samp J r f l _ e) j ) u . By Theorem |35| it is enough to consider the case 



p = oo and u — 1, and by Corollary [29] it will be enough to see that every weak limit (A*, (1 — 
e)(j)*, uj*) G W(A, (1 — e)0, cj) is a uniqueness sequence for J 7 ^^, v 

Let (A 2n ,0 2n ,cu 2 J -> (A*, (fi*,uj*) and let / 2n be the corresponding multipliers, with Z(f Zn ) = 
A Zn and \f Zn (z)\ ^ e^) d(t>zn (z, A Zn ). By Montel's theorem let {f Zn } n - /* with Z(f*) = A* 
and \f*(z)\ ~ e^^dtf,*^, A*), i.e, /* is a multiplier for 0*. 

Consider also a multiplier g associated to E<fi*. In particular |o(-z)| — e^^d^^z, 2(g)). In 
order to see that A* is a uniqueness sequence assume that h G ^F^-eU* i anc ^ ^1-^* = 0- Then 
/ig G J-3S v by construction. On the other hand, the function F := hg/ f* is entire, because ft, 
vanishes on A*. It is also bounded when z is far from A*, since \hg\ < e** and |/*| > e**. By the 
maximum principle F is bounded globally, and by Liouville's theorem there exists c G C such 
that hg = cf*. Since g vanishes in some points outside A* we have c = 0, hence h = 0. ■ 
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5. Sufficient conditions for sampling 

We prove here the sufficiency part of Theorem A. Assume that T> A(jj (A) > l/2n. By Lcmma^j 
we can assume that A is p-separated, and according to Theorem |33] it will be enough to prove 
that A G FTu- By Corollary ^ this will be done as soon as we show that every weak limit A* is 
a uniqueness sequence for JF°? w * . 



Recall the notation n\(z, r) — #[A n D(z, r)]. 

Assume thus that we have / G J 7 ^^* w ^ m /I A* = an d 11/ 11^ » = 1- There is no loss of 
generality in assuming that /(0) ^ 0. Applying Jensen's formula to / on Z^*(0) 

rp<A*(0) n A *(0,t) , 1 r2n 



/ 

.70 



-dt=— log |/(rp^(0)e i9 )|^- log 1/(0)1 

Z7T JO 

< ^ r(0*(rp^(O)e 4e )-log^(rp^(O)e 4e ))^- log |/(0)| 

Z7T JO 



1 r 2lT 



2vr Jo 



1 /" 27r 



0*(rp r (O)e if O^-0*(O) + logu;*(0)-— / logw*( W (O)e")d0 

J L Z7T JO 

+ 0*(O)-]ogw*(O)-log|/(O)|. 



By definition of flat weight and by Lemma^, cj*(rp0*(O)e j6 ')/co , *(O) <r 7 forsome7 > 0. Then, 
Green's identity yields 

/■w(o) n A *(0.t) , 1 /• , rp^*(0) . ,„, >N ^„ 

/ 7 ^ < — / io g -^liA0* ( +0(logr 

Jo t 2?T JD(0,rpr(0)) \Q 

= — / A^( J D(0,t))- + O(logr), 

Z7T JO I 

for all r big enough. This contradicts the hypothesis, which implies in particular that for some 
e > and allt big enough n A *(0,t) > (l/2ir + e)A(f>*(D(0,t)), 



6. Necessary conditions for sampling 

This section contains the proof of the necessity part of Theorem A. By Lemma |2^(b) and 
Theorem it will be enough to prove the following result. 

Theorem 38. Let A be p-separated. If A G Samp JF^ then T> A(f) (A) > l/2n. 

We use a result comparing the densities between interpolating and sampling sequences, as in 
[ gg9g ]. We do that by adapting Lemma 4 in [ pCS98| ] to our setting. 

Lemma 39. Let e > 0. Assume I G Int^ 2 l £ ^ ^ and S G SampjF^ ^ is p-separated. There 
exists a positive function e(R) such that lim e(R)/R = and for every e > there is Rq > 

R^oo 

with 

(1 - e) m{z, Rp(z)) < n s (z, (R + e(R))p(z)) z G C. 
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Proof. The proof is as in [ PCS98| , Lemma 4] with minor modifications, so we keep it short. 

According to our definition, if S is sampling then {k(z, s) = K^ a (z, s)e~^ s ' ) uj(s)} se s is a 
frame in (K^ denotes the Bergman kernel, as in Section |3T3| ). That is, for / G u 



2 -J2\(k(z,s)J(z)}* 

s£S 



Ft , - 



A consequence is that 



/(*) = E<*& s), f(0)~Hz, s) = E f(s)e-^Ms)k(z, s), 

s£S s£S 

where k(z, s) is the dual frame of k(z, s). 

Consider also the functions given by Lemma [33] for the weight (1 — e)4>. Lemma |3~3|(d) 
implies that the normalised functions «(«, z) := g i (z)e^' 1 ' / u(i) form a Riesz basis in the closed 
linear span H of z)} ie j in .F? u . 

Given z E C and R,r > (R much bigger that r) consider the following two finite dimen- 

r-2 . 



sional subspaces of .7-3 w : 



W s = < fc(f , s) : s E S D D R+r (z) > 
Wi = < re(f,i) : 2 G / fl D R (z) > . 

Let Pg and Pj denote the orthogonal projections of on Ws and respectively. We 
estimate the trace of the operator T = PjPs in two different ways. To begin with 

tr(T) < rank W s < #{S n D R+r {z)}. 

On the other hand 

tr(T)= ]T (TK^D.P/^i)), 
ie/nD«(z) 

where {/«*(£, z)} is the dual basis of z) in if. Using that P/ and P5 are projections one 
deduces that 

tr(T) > #{z G / n P^)} (l - sup I (P s (k(Z, z)) - k(£, z), «;*(£, 

i 

Since ~ 1, also — L Thus we will be done as soon as we show that 

||Ps(k(^, z')) — z)II^" 2 < e for a suitable r ~ e(P). 

We have 



|P5(K(e,0)-*(e,oiiJ2 s E i(^(e,«),«(e,0)i 2 = E « 



s, z e rv 'wis, 
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Since S is p-separated, there exists 77 > such that the disks D v (s) are pairwise disjoint. 
Using Lemma ]TS](a) we get, for some c > depending on <\> and r\ 

\\Pa{K(£,i)) - K{t,i)\fL < I | K (C,z)re- 2 ^V(C)rfa(C). 



U Dn (*) 

s<£D R + r (z) 

Applying Lemma |9| with r k = R T and r so that < (e — r)7 < 1, we see that there exist 
5 e (0, 1), c> and a function e(R) = cR 1 ' 6 such that 

(J D\s) C C\D ee{R) (i). 

s£D R + c < R ) (z) 

Finally, for R is big enough Lemma ^3|(e) yields 

\\Ps{KU)) <f (mf MU)\ 2 e- m) u 2 (0da(0<e. 



Proof of Theorem^^ Given e > consider a net / associated to (1 — 2e)<p. By Lemma ^ 



I E Int F?£ e)<j , ' and b y I^nrnia^PLXi") = ^zLU) = C 1 - 2e)/27r. Apply now Lemma [39 



(i-e)</>' ailu u > ^" ji,ia b^ ^a^v- 1 ; — ^A0 



there exist R and e(i?) such that for R> Rq 

n A (z,Rp(z)) > (1-5) ni {z,(R-e(R))p(z)) > pi(D R ~ s M (z)) , 

where 5(R) = R — e(R) — e(R — e(R)). This estimate together with Lemma [11] finish the 
proof. ■ 

7. Sufficient conditions for interpolation 



Taking into account Theorem [34] and Lemma [37], in order to prove the sufficiency part of 



Theorem B it is enough to prove the following. 

Theorem 40. //A is p-separated and T)^{K) < 1/2tt there exist e > and a sequence E such 
that A U E is a p-separated net associated to (1 — e)(f>. 

In the proof of this result we need to express the density condition in terms of the quasi-squares 
appearing in Theorem |[ this will be done in Theorem before we need some preliminaries. 

Denote <p r = e~ r <p. 
Lemma 41. Let 

r 2 dm(z) 



lr(0 



z-C\< P4>r (z)/r 7tpl r (z) ' 



Then sup \I r (C) _ 1| < l/' r - 

Cec 
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Proof. We estimate I r using the change of variable w = (z — £)/ p<f, r (z), whose Jacobian is 



?(z, 



From (H) it follows that |Vp0 r | < 1, hence the Jacobian is bounded above by p^(z)(l + 1/r) 
and below by pT 2 (^)(l — 1/r). Then 

I- -I —(l--)dm(w)<I r (Q<[ — (l + -)dm(w) = 1 + -. 

r J|u)|<l/r 7T r J|w|<l/r 7T T T 

■ 

It follows immediately from (|]) that there exist < e < m such that 
This implies, with t = e r , 

/ION I- P<t>r{ Z ) 

(17) hm = oo 

r-^oo rp^(z) 

uniformly in z £ C. 

Let i?*(z) denote the rectangle with vertices z+sp(z)(l+ia), z + sp(z)(l — ia), z — sp(z)(l + 
ia) and z — sp(z)(l — ia), where a £ [e _1 , e] and e is the constant of Theorem |8|(b). 

Theorem 42. Let p = A0 and let v be a positive measure such that 

(18) f TO*)) < (1 - Vr > r , £ C. 
77?ere exists so > such that for any a £ [e^ 1 , e] 

< (i - ~MK(z)) v. > So , £ c. 

Proof. Fix r big enough so that p^/r > r^p^ and (1 + l/r)(l — e) < (1 — l/r)(l — 3e/4). This 
can be done because of (|T7|). By hypothesis 

K<^))<(i-^)M<>)) v^£C, 

and if s is much bigger than r we get 



»efl?(«;) vrp^(z) ^ JzeR-(w) np% r {z) 

Denote 

fi r (C) = {^C, \z-(\<pt r (z)/r} 

F r (w,s) = {(eC, Q r (() c R s a (w)} 

G r (w, s ) = u a r (c). 
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Reversing the order of integration and using the previous Lemma we deduce that 

KF>, S ))<(l-~£) fi(G r (w,s)). 

It is clear that F r (w, s) C R s a (w) C G r (w, s). Similarly to the proof of Lemma |9|, there exists 
e(s) such that R s ~^ s \w) C F r (w, s) and G r (w, s) C R s +< s \w). 

By Remark g 

Urn gig^D = 1 
uniformly in z, and therefore there exists s such that for s > s 

v(R s -« s) H) < (i - f e) u(g>, *)) < (i - ^) MK^H) 

< (i-|)M^r (s) W)- 

■ 

Proof of Theorem Take an entire function g vanishing exactly on A. We will construct a 
sequence £ and an entire function /i such that for some e > 0, 

(i) A U E is p-separated. 

(ii) h vanishes exactly on S. 

(iii) For any r > 0, \ log\h(z)\ - (1 - e)<j>{z) +log\g{z)\\ < C T if D T (z) n (A U S) = 0. 

Accepting this we reach the result by taking / = gh. This is so because the separateness of 
AUS and (iii) imply that / is a multiplier for (1 — e)(j). ■ 

Construction ofY, and h. To avoid the repetition of the factors 2tt and 1 — e, denote here ji = 
(1-£)A0/2tt. Let 

A = A* - ^ = ^ A ((! - e )0 - lo S M)- 

AeA 27r 

Following Theorem H and the Remark thereafter, given n, M e N we can take a system of quasi- 
squares {Rk}k such that, denoting /i fc = we have u = J2k and //fc(C) = Mn. Then 

A = Efc A*. bein s 

AeAni4 

By hypothesis there exists e > such that £>A0(A) < 1/27T — 4e. Therefore, there exists r > 
such that 

fl(D r (z)) > 3e^(D r (z)) for all z£C,r> r . 
Also, Theorem pT2] implies that for M > mj (2e) and n big enough: 

Mn > > 2en(R k ) = 2eMn > mn. 



44 
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Let fi(Rk) = rn k n, with m < m k < M. Notice that m k E N, since p(R k ) E N. Applying 
Lemma |T5| we obtain a sequence £ made of points erf, ... , cr^ „ E CR k so that the first m 



moments of the measures v k = p k — £ <5,T fc vanish. Furthermore, it is clear that we can choose 

i=i J 

the rj 2 in the proof of Lemma [15| so that A U S is p-separated. 
Let 



E^ = ^((l-e)^-logM)-X;^. 



In order to prove (iii) consider v — (1 — e)4> — log |g| — w, where 

w(z) = / log \z - C| dv((). 
Jc 

Since 

At; = 2vr ^ 

crGS 

there exists /i entire (vanishing exactly on S) such that log \h\ = v. 

We need to estimate |w(z) | when \z — A U E| > rp(z). Given z E C, let k E N be such 
that z E Rk . By Theorem |](c), there exists r > independent of 2 such that R ko C D r °(z) C 
CR ko . We have 

«;(*) = / tog|2f-C|di/(C)= / log|z-C|^ (C)+ E / logk-CI^(C), 

and we estimate the two terms separately. 

Let C > be the constant of Lemma [15]. Since the first m moments of u ko vanish, 

r p(z 



/ \og\z - (\dv ko (() = 
Jc Jc 



< 



r p(z) 
cr p{z) 

log 



< 



CR 



log- 



fc o 



*-CI 



d/i(C) 



+ if logrl 



d//(C) + if|logr| <C7 r - 



lD cr o( z ) \Z — Q 

The other integral is estimated using the moment condition for each u k , as in the estimate of 



l\ in Theorem 14. 



8. Necessary conditions for interpolation 



Let us start by proving the non- strict density inequality. By Theorem ^4(, it is enough to 
consider the case p = 2. 

Theorem 43. If A E Int then £>^(A) < l/2vr. 
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Proof. Given e > 0, take a net S associated to (1 + 2e)(j>, as described in Lemma (36[. Lemma [37 
implies that S G Samp ^j^, and by Lemma |3P|, there exists R > such that 

n A (z, Rp(z)) < (1 + e) n s (z, + e(i2))p(*)) z G C , R > Rq. 
Since 5 is a net of density (1 + 2e)/2ix, the radius R can be taken so that for R > R 

n s (z, (R + e{R))p{z)) < p(D R+e( - R \z)) . 

Ztt 

This and Corollary [H] give the result. ■ 

Let us see now that the inequality is strict. 

Proof of the necessity part in Theorem B. Assume that A G Int T^^. We know that V\A&) < 
1 /2ir. In order to see that T>^(A) < l/2n consider, given e > 0, a net £ associated to 2e<p such 
that Z := A U £ is p-separated. 

Lemma 44. Denote Z = {z k }k- For every m G N an J e > ?/zere ex/st C > and functions 
fk G -T 7 ^ 5mc/j ?/za? 

(a) fk(z k ) = 1. 

(b) f k (z J )=0forallz 3 eD 1 ^(z k ). 

(c) |/ fc (*) | < C7M(A)e*W-^)^^ fc) ' 



w(z) l + 
(d) IIMU.00 < CM(A)e^'w(4 

Proof. Assume first that z k = A fc G A. By hypothesis there exists g fc G w c J 7 ^ with 
gk(^k) = 1, fl'(Aj) = 0, and ||^ fe ||jroo^ < M(A)e'^ XkS) uj(Xk). Since A plus a finite number of 
points is still in Int J-t u (Lemma ^2|), we can take g k so that moreover g k (aj ) = if | X k — Uj \ < 

l/ep(Xk) and gk(cj) — 0, j — 1, . . . , M, where Cj = Xk + 25p(Xk)e j ^~ and 5 > is taken so 
that the balls {B(X, 105) }\ are pairwise disjoint. 

By construction of the nets there exists C independent of z and e such that n D l l £ (z) < C 
for any E net of density e/ir. 

Define then 

f k {z) = {25) r -p [z k ). 

(z - ci) • • • (z - c M ) 

It is clear that f k G satisfies (a) and (b). 

For z <£ Uf =1 D s ( C j), 

| AW | < C \ 9k (z)\(J^L) M < CM(A)e^^(J^iL) M , 

\\z - z k \J UJ{Z) K \z - Zk\J 

and the estimate follows from Lemma ft 
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For z E D s (cj) we have 



\fk(z)\ <C 



9k{z) 



Z — Cj 



Estimating like in (iii) in the proof of Theorem [17] we get \fk(z)\ < CM [K)e^~^ Zn \ as 
desired. 

In case z k = a k E E, use again that A plus one point is T\ ^-interpolating and start with 
9k e ^J )W C such that g k (a k ) = 1, g k (Xj) = for all j. Then proceed as before. ■ 

Lemma 45. Z E Int Tf^. 

Proof. Given v = {v k } k E t™' a (Z) consider the pseudo-extension 

oo 

E(v)(z) = Y,Vkfk(z). 
k=l 

Let us see first that E(v) E ^ r ^ J - By (c) above and Lemma |^ we see that for any z E C 



u{z)e-*M\E{v){z)\ < X>(* fc )l«k|e~ 



fc=i 



1 + 



< 



Let i? denote the restriction operator from TT^ to i^ w [Z). In order to see that Z is in 
IntJF5^ +£ w it will be enough to prove that — J|| op < 1, since then (RE)^ 1 = I + 
J2kLi(RE — I) k converges and E(RE)^ 1 defines an inverse to R. 

By Lemma 0|(b) and (c) 



|i2£7(v) - «||» (z) 



{ £ u */fc(*i)}. 



} E \v k \\f k (z 3 )\<CM(A)\\v\\ iUZ) J2 dm{7 ~, 
By Lemma and Corollary 0, if m is big and e is small enough we have 



< sup w(zj)e 



\RE(v)-v\U {z) < 1/2 \\v 



thus H-R-E 1 — I \\op < 1/2, as desired. 



By this Lemma and the results above we have V>\^[Z) < l/2n, i.e for all 5 > there exists 
R such that for all z E C and R > R 

n A (z, Rp{z)) + n s 0, i?p(z)) < (1/2tt + <$>(£>*(*)). 

By Lemma [3^, V^JT,) = e/n, thus for all 5 > there exists _R such that for all R > R 

nx(z,Rp(z))>(e/7i-5)ij(D R (z)) zeC. 
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This shows that for 5 > and R big enough 

n A (z, Rp(z)) < (}—^ + 26) v(D R {z)) z e C, 
henceP^(A) < l/2?r. ■ 

Appendix. Alternative construction of peak functions. 



As seen at the end of the proof of Theorem [33], it is enough to consider the case uo = p. Also, 
it will be enough to prove that for any </> there exist C, 5 > such that for all rj G C there is P v 
holomorphic with P v {r]) = 1 and 

\P v (z)\ < C7e*M-*<"> min{l, (j^j) 5 }, 

since then we can apply this to eS/m (f)(z), take the m-th power and use Lemma |4| to conclude. 

We claim that there exists h v holomorphic with h v (r)) = 0, h'Jrf) = 1 and < 
e^-^p 2 (r])/p(z). 

Once this is proved we take w v (z) = h v (z) j[z — rj) and use Lemma |^ to deduce that 

\PJz)\ < e^-^ilfM) 1 - 5 = e ^)-Hv)(P^Ly z i D{T] y 
\ z ~ V\ Pvl) \ z ~ V\ 



In order to construct the function h v define first 



12 



where H v is a holomorphic function such that Re H n = h v (see Lemma [T3|) and X is a smooth 
cut-off function with X = 1 for \(\ < 1, X = for |(| > 2 and \X'\ bounded. 

Notice that by construction and by Lemma |T3|, we have 

p(z)\F(z)\e-^<p 2 (rj)e-^. 

Lemma 46. There exists u solution to du = dF such that u{rj) = du(rj) = and \\u\\jtx < 
Cp 2 (ri)e-^) 

Once this is proved we take h v = F — u and we are done. 

Proof. First we show that there exists a solution u as in the statement but satisfying an analo- 
gous L 2 estimate instead of the L°° one. We use Hormander's theorem QHor94| ]: for every ip 
subharmonic in C there exists a solution u to du = dF such that 



/ \u\ 2 e- 2 ^ < C [ \dF\ 
Jc Jc 
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Define ip = 4> + 2v, where 

v(z) = log \z - T)\ t— / log \z - C|A0(C)dm(C). 

Take s so that p(D s (r])) = 8rt. By the doubling condition there exists c depending only on the 
doubling constant C7a</> such that s < c. Then 

47T 1 

By construction v is bounded above. Notice also that there exists C > (independent of rf) 
such that —v(z) < C for all z E supp(<9F). Since \dF\ < e^, we deduce from Hormander's 
estimate and Lemma [13] that 

< / |u| 2 e" 2 ^ < C7 / e^e" 2 ^ 2 < p^Me^l 

" ~ ic' ' _ Jd2( V )\D( V ) h ~hku 

On the other hand 

e - 2 </>(^) ^ | z _ ^|-4 j or I^ — t^I < ep(rj), 
thus necessarily = du(rj) = 0. 

Let us see now that u satisfies also the L°° estimate. For any z E supp{dF) define 

where if > will be chosen later on. Then 

Also, since p(Q ~ p(r/) on supp(dF), we have 

p(z) sup |5^(C)|e-«0= sup Jf( { *L \dF(()\e-^<l. 

We choose K (independent of z) so that 

(a) 4t / I^(0| 2 e- 2 ^)<1, 

P\Z) JD{z) _ 

(b) p{z) sup |5C/(C)|e-^) < 1. 

CeD(z) 

We will be done as soon as we prove that 

\U(z)\e-^ z) < C. 

This is consequence of JBer97| , Lemma 3.1] applied to the function V(C) = u (p( z )C + z )- 
Defining 4>z(C) = 4>{p{ z )C + z ) an d changing to the variable w = p(z)( + z we see that 

|WC)| 2 e- 2< ^W(C) = / |[/( w )| 2 e- 2 ^)^M < i 

Jd(z) p\z) 
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and 

sup|<9V(C)|V 2<wc) = sup \BU{w)\ 2 e- 2 ^ w) p{z)<l. 

Thus, by [ |Ber97| , Lemma 3.1] |V^(0) | 2 e~^ (0) < Ce~ a ^, where 

= sup{V(0) : ip <0 , Aip = A<p v }. 
Defining v so that ip(z) = v(p(z)( + z) we see that 

dfa = sup{v(z) : v < : Av = A<f)}. 



The function v(w) = 4>{w) — h z {w) — <p(z) — A is negative in D(z) if A is big enough (Lemma [131) 
andv(z) = -A. Hence a 0z > -A and \U (z)\ 2 e~ 2 ^ = \V(0)\ 2 e- 2 ^ < Ce A , as desired. ■ 
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